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PREFACE. 



The desirable results to be attained in the study of 
Algebra are the thought of letters as general symbols of 
number, familiarity with the laws of the algebraic nota- 
tion, facility and accuracy in performing algebraic processes, 
skill in the use of the equation as a means of mathematical 
investigation, and the development of the reasoning powers. 
In the attainment of these results, the teacher is the impor- 
tant factor, but the character of the book used determines 
in a greater or less degree the character of the work done 
and the effects upon the student. 

These considerations have been the motives for the prep- 
aration of this work, and it is confidently believed that 
the use of it will lead to broader views of numbers and 
their properties, and produce increasing mental power. It 
is designed for use in high schools and academies, and 
advanced classes in grammar schools. A distinguishing 
feature of the book is its arrangement. The definitions, 
demonstration of principles, derivation of rules, model solu- 
tions, and illustrations occupy the last half of the book, and 
the exercises and problems the first half. The reasons for 
this arrangement are evident, and it is believed that the 
separation of the text from the exercises and problems can 
be no inconvenience in the legitimate use of either. The 
text is complete in the clearness and conciseness of defi- 
nitions, thorough demonstration of principles, careful deri- 
vation of ruleSj and the abundance of illustrations and model 
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4 PREFACE. 

solutions. Frequent notes to the teacher will be found in 
the first half of the book. The numbers in these notes 
refer to articles in the text^ and the notes indicate that the 
following exercise contains new work, for which students 
must be prepared. 

The other prominent features of the work are the fre- 
quent exercises in algebraic expression, the unusual numbei 
and variety of examples and problems and the careful grad- 
ing of the same, the early introduction of the equation and 
its use in the solution of problems, the thorough treatment 
of factoring, the completeness of the work on involution 
and evolution, the discussions and exercises on the signifi- 
cation of exponents, the character and amount of work in 
radicals, and the emphasis on the solution of complete 
quadratics by the method of factoring. 

The author desires to acknowledge his indebtedness to 
A. B. Davis, A.M., Principal of High School, Mount Vernon, 
N.Y.; Lyman A. Best, A.M., Principal of School No. 13, 
Brooklyn, N.Y. ; and J. Frank Shields, B.S., Professor of 
Mathematics, Adelphi College, Brooklyn, N.Y. ; all of whom 
have critically read the MS. and made valuable suggestions 
concerning various features of the work. 

The work is submitted to the profession with the hope 

that teachers and students may use it with the greatest 

pleasure and profit. This is the highest reward the author 

can desire. 

Geobqb £. Atwood. 
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INTRODUCTIOK 

1. Algebra is not altogether unlike arithmetic. Both 
treat of numbers, but the method of representing numbers 
is not the same in both. In arithmetic, numbers are repre- 
sented by ten characters, which are called figures. Each 
figure, when standing alone, represents a definite and fixed 
value, or number of things. The figure 4 standing alone 
always represents four things; the figure 7, seven things; 
the figure 9, nine things. 

2. In algebra, numbers are represented by letters, by fig- 
ures, or by a combination of figures and letters. The figures 
used in algebra always represent definite numbers, as in 
arithmetic, but the letters represent any numbers. The 
letter a?, for example, may represent 5 in one problem, 16 in 
another, 36 in another, 7f in another. When figures are 
written with letters, without any sign between them, the 
figure indicates how many times the quantity, or number 
represented by the letter, is taken ; and when one letter is 
written with another, either one of the letters indicates how 
many times the quantity, or number represented by the 
other letter, is taken. For example. 

Whatever number x represents, 

3 a; means 3 times a;, 
5 X means 5 times a;, 
ax means a times x, 

3. The signs of addition, subtraction, multiplication, and 
division are used in algebra with the same signification that 
they haye in arithmetic. 
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10 ALOBBBA. 

EXBBCISBS IN ALQBBBAIO EZPBBSSION. 

^ 1. If 0? represents a certain number, what does 4 a? rep- 
resent? 2aj? 9a:? ax? bx? 

2. If m represents a certain number, what represents 6 
times the number ? a times the number ? 

3. Indicate the sum of 8 and 7. Of x and 6. Of a and 
b. Of a, bf and c. ,/^ 

4. Indicate the difference between x and ^, when x is 
greater than ^. When y is greater than x, 

6. Indicate the sum of a and & diminished by c. The 
sum of X and 3 a? diminished by y, 

6. Indicate in two ways the product of 6 and a. Of a 
and X, Of 3, aj, and y. Of a, 6, and a?. 

7. A man paid x dollars for a harness and 4a; dollars 
for a horse. How much did both cost ? 

_ 8 . If a? represents the price of a yard of silk, what does 

7 a; represent ? 3 a?? aa? 

9. If a man works for x dollars a day, how much will 
he earn in nine days ? In a days ? 

10. A man is x years old to-day. How old was he 7 
years ago ? Sixteen years ago ? 

11. If a yard of ribbon is worth a cents, how much is a 
foot worth ? Two feet ? 

12. If you are x years old to-day, how old will you be in 

8 years ? In twelve years ? 

13. A man bought a carriage for x dollars and sold it at 
a loss of y dollars. How much did he get for it ? 

14. A lady paid a dollars for silk at b dollars a yard. 
How many yards did she buy ? 

16. A man is 3 times as old as his son. If the son ia 
X years old, how old is the father ? 
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16. A boy had a dollars. He earned h dollars more^ and 
then spent c dollars. How much had he left ? 

17. A man sold a horse for x dollars^ thereby gaining y 
dollars. Find the^ cost of the horse. 

18. A boy bought a apples at n cents apiece. How much 
did he pay for them ? 

19. I have X dollars. If I pay two debts of a dollars and 
b dollars, how much shall I have left ? 

20. A horse cost bx dollars, a harness x dollars, and a 
carriage 4 a; dollars. Express the cost of all in two ways. 

21. A boy has x dimes. How many cents has he ? How 
many dollars has he ? 

22. A grocer bought a barrels of flour for a; dollars. What 
was the price of the flour per barrel ? 

23. If the difference between two numbers is 12 and the 
smaller one is x, what is the larger number ? 

24. A boy bought x apples at m cents apiece and sold 
them at n cents. If he gained, what was his gain ? 

26. If one number is x, and another number is 4 times 
as great, what is the sum of the numbers ? 

26. How long will it take a man to walk x miles at the 
rate of 6 miles an hour ? 

27. A man was x years old a years ago. How old will 
he be in & years ? How old was he c years ago ? 

28. If one part of 7 is a, what is the other part? If one 
part of fl? is a, what is the other part ? 

29. A man worked x hours a day for eight days at y 
cents an hour. With the money earned he bought a coat 
for a dollars. How much money did he have left ? 

30. A has X sheep, B has twice as many as A, and has 
twice as many as A and B together. What is the value of 
all their sheep at a dollars a head? 
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'^l. A man paid a dollars for h yards of silk. At the 
same price^ how much will c yards cost ? 

82. A boy bought x oranges at a cents each and sold 
them at h cents. If he lost^ what was his loss ? 

83. In h years a man will be x years old. How old was 
he c years ago ? 

34. If thirty dollars is divided equally among x boys, 
how much will each boy receive ? 

35. A has X cows, 6 has 5 more than A, and C has as 
many as A and B together. How many have all ? 

36. How far can a man walk in x hours at the rate of a 
miles in h hours ? 

37. A grocer bought a pounds of coffee at x cents a 
pound and sold it at y cents a pound. If y is greater than 
X, did he gaii^ or lose, and how much ? If a; is greater than 
y, did he gain or lose, and how much? 

38. A man bought a pounds of tea at x cents a pound, 
and paid for it in butter at h cents a pound. How many 
pounds of butter did he give for the tea? 

39. A dealer bought a crates of berries at n cents a quart, 
and h crates of another kind at m cents a quart If each 
crate contained x quarts, how much did they cost ? 

40. A merchant bought a yards of silk at x dollars a 
yard. If he sold it all at a profit of y dollars a yard, how 
much did he receive for it ? 

41. A speculator bought x acres of land at a dollars an 
acre. If he sold it all at a loss of h dollars an acre, how 
much did he receive for it ? 

ii. The sign of equality is used in arithmetic to indicate 
that the numbers between which it is placed are equal. 

The expression 9 + 7 = 8x2 denotes that the sum of 9 
and 7 is equal to the product of 8 and 2. 
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The expression 8 — 6 = 9-^-3 denotes that the difference 
between 8 and 5 is equal to the quotient of 9 divided by 3. 

6. In like manner, the sign of equality is used in algebra 
to indicate that numbers represented wholly or partly by 
letters are equal. 

The expression a + x^hy denotes that the sum of the 
numbers represented by a and x is equal to the product of 
the numbers represented by h and y. 

The expression oa? — 5 == 6a? + 9 denotes that the product 
of a and x diminished by 5 is equal to the product of h and 
X increased by 9. 

6. An Equation is the expression of the equality of two 
numbers. ^ ^ 

3aj=12. 4aj = 20. 2aj-7 = 9. 

3aj = 16. 4aj = 32. 2aj + 2 = 8. 

3aj = 10. 4aj = 30. 2a?-5 = 7. 

Since 3 a;, in the above equations, means 3 times x ; 

3x and 12 are equal only when x represents 4, 
3 a; and 16 are equal only when x represents 6, 

3 a; and 10 are equal only when x represents 3|. 

Since 4 a;, in the above equations, means 4 times x ; 

4 a; and 20 are equal only when x represents 6, 
4x and 32 are equal only when x represents 8, 
4x and 30 are equal only when x represents 7}. 

Since 2 x, in the above equations, means 2 times x ; 

2 X — 7 and 9 are equal only when x represents 8, 
2 X + 2 and 8 are equal only when x represents 3, 
2x — 5 and 7 are equal only when x represents 6. 

It is evident from the above that when an equation contains only 
one letter, as x, the letter used represents some particular number. 
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The number represented by the letter in such an equation 
is called the unknoum number, 

BXBBOISBS. 

1. If 7 a; s= 28, what does x represent 

2. If 5 a; = 40, what does x represent ? 

3. If Sx = 29, what does x represent ? 

4. If 3 a; + a; s= 24, what does a; represent? 
6. If 2 aj — a? = 17, what does x represent ? 

6. If 2aj + 3a; = 27, what does x represent ? 

7. If 7aj — 3aj = 36, what does x represent ? 

8. If 5 a? — 4a? = 16, what does x represent ? 

9. If 4 a; + 3 a; -I- a? = 32, what does a? represent? 

10. If 7a? — 3a; — aj = 36, what does a? represent? 

11. If 9 35 + 4 a; — aj = 60, what does a; represent? 

12. If 4aj + 2a; + 3aj = 54, what does x represent ? 

13. If 5 a; + 3a; — 7 a; = 13, what does x represent ? 

14. If 9a; — 4a; — 2 a; = 30, what does a; represent? 
16. If 8 a; — 3 a; — 4 a; = 17, what does x represent ? 
16. If 7a; — 4a; + 6a; = 23, what does a; represent? 

7. The process of finding the number represented by the 
letter in an equation is called the solution of the equation. 

8. Problems in arithmetic or algebra involve an unknown 
number or numbers, and the process by which the unknown 
number is determined is called the solution of ths problem. 

9. The unknown number or numbers are found in arith- 
metic by one or more of the processes of addition, subtrac- 
tion, multiplication, and division. 

10. In the solution of problems in algebra, the equation is 
employed. In fact, the practical utility of algebra consists 
in the application of the equation to the solution of problems. 
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ALGBBRAIO SOLUTION OF PBOBLBMS. 

1. The sum of two numbers is 84, and the greater num- 
ber is 6 times the less. What are the numbers ? 

Let X = the less number ; 
then 6 x = the greater number. 
Since the turn of the numbers is 84, 
6x + a; = 84 
7x = 84 

% = 12, the less number, 
6x = 72, the greater number. 

2. A man bought a horse, a carriage, and a harness for 
$350. The carriage cost 3 times as much as the harness, 
and the horse cost twice as much as the carriage. What 
was the cost of each ? 

Let X = the number of dollars the harness cost ; 
then 3x = the number of dollars the carriage cost, 
and 6 X = the number of dollars the horse cost 
Since they iOl cost <^360, 

x + 3x + 6x = <f350 
10x = 9360 

X = 9 36, the cost of the harness, 
3 X = 9 106, the cost of the carriage, 
6 X = 9 210, the cost of the horse. 

3. The difference between two numbers is 48, and the 
greater number is five times the less. Find the numbers. 

Let X = the less number ; 
then 6 X = the greater number. 
Since the difference between the numbers is 48, 
6x-x = 48 
4x = 48 

X = 12, the less number, 
6x = 60, the greater number. 



16 ALGEBRA. 

4. A father's age exceeds the age of his son by three 
times the son's age, and the sum of their ages is seventy- 
five years. What is the age of each? 
Let X = the son's age ; 
then 3x = the difference between their ages, 
and 4x = the father's age. 
Since the turn of their ages is 76 years, 
4« + « = 76 
6a; = 76 

X = 16, the son's age, 
4 X = 60, the father's age. 

To THB Teacher. — During the study of the following problems, 

teach very carefully definitions, principles, and rules, 1 66. 

Be sure that students know the law of the algebraic notation, and 
the signification of coefficients and exponents. 

PROBLEMS. 

1. A man paid thirty-five dollars for a coat and shoes. 
If the coat cost 6 times as much as the shoes^ what was 
the cost of the shoes ? 

2. The sum of two numbers is 126, and the larger num- 
ber is 8 times the smaller. Find the larger number. 

3. A man sold a horse and carriage for $ 500, receiving 
three times as much for the horse as for the carriage. How 
much did he receive for the carriage ? 

4. A has three times as many sheep as B, and both have 
one hundred eighty. How many sheep has A ? 

6. There are 795 pupils in a school, and there are twice 
as many girls as boys. How many girls are there ? 

6. An estate of twenty-four thousand dollars was divided 
between a son and daughter, the son having 3 times as 
much as the daughter. How much did the son receive ? 

7. The greater of two numbers is six times the smaller, 
and their difference is 425. Find the larger number. 
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8. A, B, and C own 750 acres of land. B owns three 
times as many acres as A^ and C owns one-half as many 
acres as A and B together. How many acres has C ? 

9. My house cost 3 times as much as the lot. If the 
house cost five thousand dollars more than the lot^ what 
did the house cost ? 

10. A man's salary was doubled each year for three years. 
If he received five thousand two hundred fifty dollars in the 
three years, what was his salary the second year ? 

11. A farmer raised 1612 bushels of grain. He had one- 
fifth as many bushels of rye as oats, and twice as many 
bushels of com as oats and rye together. How many 
bushels of rye and oats did he have? 

12. A and B are 81 jniles apart. They travel toward 
each other until they meet, A traveling twice as fast as B. 
How far does B travel ? 

13. A and B own a farm worth $ 16,800. A has 3 times 
as much invested as B. How much has A invested ? 

14. A is six times as old as B, and the difference between 
their ages is 65 years. Find the age of B. 

16. A man paid four times as much for a farm as he paid 
for a house. If the farm cost $ 8400 more than the house, 
how much did he pay for both ? 

16. In a mixture of 192 bushels of com and oats, there 
are twice as many bushels of com as of oats. How many 
bushels of com are there in the mixture ? 

17. A man earned five times as much as his son. If the 
son earned six hundred forty-three dollars less than his 
father, how much did the son earn ? 

18. A has twice as many sheep as 0, and B has four 
times as many as C. If all have 695, how many has A ? 

B 
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NUMERICAL VALUES. 

Find the numerical value of the following expressions 
^when a=zl, b = 2f c = Sj d = 4^ 6 = 0, ^ = h ^^^ ^ = i* 

1. 6a + 46 + 3c + 8(i 2. 8d-7a + 8m + 6c. 

3. 9c-9n + 8d + 7c. 4. 6c + 46-6n + 6m. 

6. 7a + 5d-3n + 6e. 6. 9d-8e + 4m-3a. 

7. 86 + 6c-2d + 9A 8. 8m + 4e + 5d-9a* 
9. 7d + 6m 4- 8c- 9n*. 10. 9n + 8c-7e + 8m. 

11. 3d + 4c-2a» + 4m». 12. 4c + 6e + 8y + 9a». 

13. 2a& + 8m-3n* + 2c». 14. 5ad + 8a*-26-.8m*. 

16. 4cn + 2cP-7e-4ml 16. 6am + 9a* + 26c-3ml 

17. 6c(f - 9n« - 4a* + 6am. 18. 4ad - 6n* + 2dm - 2 61 
19. abc + 2dP-emn + 2c^. 20. 3cd-3a*- 3mn + 46*. 
21. 6c(«-.6e*-4m* + 3cn. 22. 6a6 + 6c'-4dm + 8rf^. 
23. 6&»-adm + 6&c-6n*. 24. 7cP-4cd + 5&'-6am. 

26. 8a* + 6mn-2y + &cd. 26. 8M-6am + 9&n-2ac. 

27. 6cd-8m» + 9a»-6cn. 28. 8a(i — 7e*-36m + 2dn. 
29. 46c + 7cP-9n8 + 7a&. 30. 7a*-h9ad-26m + 6an» 
31. 66n + 5c'-7cm* + 8ai 32. 6M + 6a*c — 46m + 4da 
33. 6m + a5c + &*cP-8cPml 34. cmn + 9d + 8€»n*-aW 
35. 5b*m* — 9n + bom + (M. 36. cPm* + 6 c — 4 Ai* + acd. 
37 . cdm + 3 (fti« + aW - 7 e. 38 . 8 m + 6 6 W - a*c» - men. 
39. aV + 7m+ 4dW-6en. 40. 6cd + 9c-4a%' + 6V. 
41. 9n4-cdm-hcPe* — 2aW. 42. c^cP — acn + 8m4-2d^^ 
43. 3c"(P + emn f3n + a*cP. 44. 7(ftii* + 3n-4A»8 + a6, 
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46. Ac'cP — 6mVi xaV — 4a*6aJ + cWm — 8c'-i-2m*. 

46. a*Mx(Ai*+86V-6Vmn — 3cP-f-4n«-5a*ec(f. 

47. ab*d + 2<MxaV'-8dP-¥-4:V + a*V<fd + 9cAnn\ 

48. aPm-8aW^6Pm« + 9c«x2&* + 6a»dm«»-W(fti. 
49/9 6Vi+(a*(Pm*+cm)6«c-cmn-(2 6W-7 {J*n»-8 om)n^ 

60. m'xd?4-76cm + 9a?c'--aVe'+c'cP-i-6% + a'xcP. 

61. 76cfe+8 6c«m*+6aWxcPTO+6V-f.m*-6c»dn*+8c^». 

62. Sc'd— 9a*&'-f-4(Pm*+9<Ai*x76Pm*— a6cxdfem+4a*6c*. 

63. 6a5d-(36mn-4a«)+4 6(3c«n*+a6d)+(4am+c^)a(P. 

64. 7c«cP-n(4a6m+6«)-c«w«x7ad-(250+(Px8)n-4aV. 
66. 56cd— (2aW— 6*m)n+9(Pm+4aV-M»iV— 66e*x7<AP. 
66. 3a'6Pm* + e(4ac + 6<l) + 66'dm* — a^Pm' + Cm' + nV^- 
Find the ntunerical value of the following expressions 

whena = i, & = i, c=.|, d = 2, m = 10, n=6, andaj = l: 

1. «±». 2. ^±^ 8. 5^. 

a-- c x — c o + x 

a 6 c 2 a— & 

7. £±«. 8. ?^^. 9. 2+i. 

a* 4- ft a' — c a 6* 

10. ^•. 11. ^dt^'. 12. ^+«'. 

o» + 6* d» + 6 

13. 2«±36. 14. ^^^. 16. 

a» + 6* 

16. li:^-:^. 17. ^ + ^- 18. 

W. il^-^. 20. £^ + i^. 21. „^ „_. 

aW 36* oft ic W 2<^ 



(?+«« 


8a? 


6n» 


2 m' 


AlUB 



a» + c» 


6n» 6d» 


6» 06' 


lOc + lOd 


36» + 6c» 


5cn 3dm 
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Find the numerical value of the following expiessions 
when a = 10, ft = 8, c = 5, ci 5= 4, e = 3, and « = 1 : 

1. a(b + c). % (e — z) ac. 3. abx (a -f c). 

4. (a — c)cP. 6. cir' (c + e). 6. (a — c) 5 esc. 

7. (b — c) aa?". 8. (e + x)c€P. 9. (a + 2d) esc*. 

10. a*^(a — b). 11. (a — aj)cP«». 12. 2cV(c + «). 
13. (a + c)(b'-df. 14. eh^^a — by. 16. 2d€x(C'-df. 
16. 4a;(ft-c)(e+^. 17. (aj» + c«) 2 ce*. 18. (a»-&«)3ceV. 

Find the numerical value of the following expressions 
when a = 8, ft = 6, c = 6, ci = 3, c s= 0, and m s= j^ : 

1. (a + b)C'-'d. 2. (a + ft)(c — d). 

3. (ft + c)2cP + 4a'm. 4. (<^ + dF) (b — d). 

6. (a* + cF) (m* " deF). 6. 3e(a + m)(ft — (^. 

7. (a--ft + c)(^ — «^). 8. (ft + m)c^(ft — c)4a«. 
9. (ft« + c« + ^-(a-«^). 10. ((f + d^QF-(F)2am. 

11. (ac+ft+c^— m'(c»— <i»). 12. Sbdm(a'-'C + d) — 5a*^. 

Find the numerical value of the following expressions 
when a =3 8, ft = 7, c = 6, ci = 5, e = 4, m = 3, n = 2, and 
a; = 1: 

1. (a* + w*) (c — w)*. 2. (ft + aj) m(c* — m*). 

3. (cm + «^w (ft -(£)•. 4. (cP-w«)(ft-5ajy. 

6. (m«-w«)(9c-e^«. 6. (ft* - a^) 8 (9 ci - c*). 

7. a» + ft"— ^ + rf*— «». 8. cf" - a*-^ + C^'^^eaj*. 

9. a-* + £?•+* + e«+^a^». 10. a« - 2(m - aj)3(ft - (Q. 

11. 9a — (a — c)5(e^ — m«). 12. «•+*— TO(a— ft)c(ci — 2aj). 

To THB Teachbb. —Teach 66 .... 62. 
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ADDITION. 






1. 


8. 


3. 


4. 


6. 


Baa 


-Txy 


6ac 


3a& 


66c 


4:ax 


— 2xy 


— 2ac 


-9a6 


- be 


6. 


7. 


8. 


9. 


10. 


4a& 


-Ted 


— 2aaj 


Bac 


9an 


db 


- cd 


-8aaj 


ac 


an 


Sab 


-Scd 


— ax 


2ae 


Tan 


ab 


-2cd 


— Box 


9ac 


an 


11. 


^ 12. 


yi3. 


\14. 


^15. 


4<XB 


— am 


cd 


Bxy 


Sex 


4 am 


-26c 


-9al 


9<ty 


ex 


— 9am 


Bbc 


Bod 


- ay 


5cx 


— 3 am 


be 


-Scd 


Sxy 


16. 


17. 


18. 


19. 


80. 


Tad 


, -9icy 


8a& 


a4i 


^ 96c 


ad 


4a^ 


-4a6 


-^Tae 


-46c 


^ad 


- ajy 


- db 


— ac 


6e 


ad 


2ajy 


Tab 


2ac 


-26c 


^ad 


-6xy 


-4a6 


3ac 


6c 


2ad 


xy 


ab 


-9ac 


-46c 


ead 


Bxf, 


'-2ab 
23. 


4ac 


-26c 


21. 


22. 


24. 


26. 


2ab 


3mn 


abe 


Box 


abd 


Scd 


-2a6 


xyz 


~3cy 


-4X}, 


26. 


27. 


28. 


29. 


80. 


Box 


7ac 


16aj 


aca; 


4a& 


2ed 


- hd 


"2ay 


22y 


-Scd 



\ 
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\ 81. 


82. 


88. 


84. 


85. 


\7aa!» 


6mn* 


-7al 


3ca; 


-7a^ 


-9aa? 


— mn* 


4c(l 


-2caj 


9i»V 


-6aa? 


-8mn' 


- cd 


9ca? 


6a:^ 


8aa? 


4mn* 


-8cd 


-8ca? 


-80^ 


-loaf 


6m»» 


cd 


6ac 


-4a^i^ 


ox' 


3m»* 


-Cod 


-3caj 


9»«3^ 


5aa^ 


— mn* 


2cd 


— 4<XB 


— 6a5^ 


86. 


87. 


88. 


89. 


40. 


7 fee* 


Soai' 


— 4aas 


«y 


-4ay 


-36c» 


-Zoi^ 


— am 


-6ajy 


a«d 


66c* 


Baa? 


Zaa 


Bajy 


-2ay 


h(? 


-2aa? 


— 7aas 


- a^ 


- ay 


9M 


Tan? 


SflBT 


4icy 


9ay 


-&M 


- an? 


-9aa; 


-2icy 


-Tay 


- M 


oaf 


aa 


-9a^ 


3a»d 


41. 


42. 


43. 


44. 


45. 


OCX 


-5o6 


Smx 


— 2aa 


— 6ac 


-2 6(1 


-Sotf 
47. 


- ny 
48. 


-66y 
49. 


- 6y 


46. 


50. 


2ab 


-26d 


— 4aa! 


lab 


- cd 


- xy 


3ac 


- 6y 


- 24 


Zdb 


61. 


52. 


58. 


54. 


55. 


^ Box 


-3cd 


hhx 


-5a6 


-7ajy 


— ax 


-2a6 


- a^ 


-2cd 


-26c 


26y 


7cd 


-46c 


Soft 


6ajy 


66. 


67. 


58. 


59. 


60. 


Sac 


4a& 


— 2aaj 


4c(2 


- cy 


— aas 


-3o6 


— oc 


-Sol 


5xy 


4oc 


- 12 


Sao; 


ab 


-4ay 



To THs Tbacheb. — Teach how to add or unite tenns that are 
partly similar. See 63. 
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Add the following with reference to the similar parts : 

1. 2. 8. 4. 5. 

am ay Q» mx mx 

^ 2L Jl ^^'^ " ^ 



6. 


7. 


8. 


9. 


1» 


- y 


2« 


&« 


a 


a« 


ay 


^ 


— X 


m 


-6c 


11. 


12. 


IS. 


14. 


16. 


ax 


oe 


4» 


asB 


2ad 


X 


4e 


<^ 


69! 


-36d 


ax 


-9c 


- V 


— X 


3ad 


16. 


17. 


18. 


19. 


20. 


«c» 


6oy 


2axy 


4 ay* 


-3oa!y' 


-36a? 


36y 


7xy 


_26y» 


Jbxf 


-2<ia? 


-2ay 


— axy 


- a^ 


iaxt^ 


S^s* 


-96y 


-itey 


-2ay» 


-8bxy' 



21. 
o(c + d) 
6(c + d) 


26. 

a(6 + 4) 
3(6 + 4) 



^2. 2a^ 24. 25. 

a(aj — y) a(a? + y) 6(aJ — l) 3a(aj + y) 

(a?~y) -cCg + y) •- (g~i) (a? + y) 

27. 28. 29. 30. 

a(c-l) c(x + y) a(6-2) («-l) 

- (c-1) -3(a;4-y) (&~2) ~c(a;-^l) 



31. 




82. 


S3. 




S4. 


S6. 


2a(a?- 


-1) 


- (6+c) 


3a(a!- 


-3) 


- 6(c+2) 


4o(a!-J y) 


4(a?- 


-1) 


6a(6+c) 


a(x- 


-3) 


36(c+2) 


. f'^+y) 


— a(aj- 


-1) 


6(6+c) 


-2a(x- 


-3) 


- (c+2) 


-laix+y) 


- («'- 


i^ 


-2o(6+c) 


(X. 


-3) 


26(c+2) 


- (x+y) 



To THB Teacher. —Teach addition of polynoodals. 



22 ALGEBRA. 



\ 



s. 81. 


82. 


88. 


84. 


86. 


^ 7aa? 


5mn* 


-7al 


3cx 


-7^ 


-9cuf 


— mn* 


4c(l 


— 2cx 


9xhf 


-6ca? 


-8mn* 


- of 


9<XB 


Bxh/ 


8aa? 


4mn' 


-8ai 


— 8cx 


-8a^ 


-7aa? 


6mn* 


ed 


Box 


-4*^ 


aa? 


3mn' 


-6<a 


— Sex 


Ox's/ 


5aa? 


— mn* 


2cd 


-4ex 


-Bxh, 


86. 


87. 


88. 


89. 


40. 


76c» 


SOKB* 


— 4a» 


xy 


-4fl?d 


-Sftc* 


-3aa!* 


— ax 


-6xy 


a»d 


66c» 


SOO!* 


Sax 


Bxy 


-2o'd 


h(? 


-2aa!* 


— lax 


- xy 


- a*d 


9b<? 


7aa? 


Sax 


^xy 


9a*d 


-&M 


- aa? 


-9ax 


-2xy 


-7oy 


- M 


aa? 


ax 


-9xy 


3a'd 


41. 


42. 


43. 


44. 


46. 


OCX 


-5o6 


Smx 


-2ax 


— 6ac 


-2 6d 


-3cd 
47. 


— ny 
48. 


-5by 
49. 


- 6» 


46. 


60. 


2ab 


-26d 


— iax 


Tab 


- cd 


- Xff 


3ac 


- by 


- 24 


Sab 


61. 


52. 


53. 


64. 


55. 


I &ax 


-Zed 


5 to 


-5ab 


-7a^ 


— OiB 


-2db 


- asy 


-2cd 


-26c 


26y 


7cd 


-46c 


Sah 


6xy 


«6. 


67. 


58. 


69. 


60. 


5ac 


iab 


— 2ax 


4cd 


— cy 


— oos 


-Sab 


— oc 


-8cd 


Ssry 


4ac 


- 12 


3aa! 


a& 


— ^xy 



To THB Tbacheb. —Teach how to add or unite tenns that are 
partly similar. See 63. 



Add the following with reference to the similar parts : 

1. 2. 8. 4. 5. 

aa ay oa mx mx 

bx ^ j^ ^nx — X 



6. 


7. 


8. 


9. 


1^ 


- y 


2x 


to 


a 


oo 


ay 


u 


— 9 


gg 


-6c 


11. 


12. 


18. 


14. 


16. 


ax 


ac 


4y 


CUB 


2ad 


X 


4e 


<?y 


&I! 


-3bd 


aa 


-9c 


- V 


— X 


Sad 


16. 


17. 


18. 


19. 


20. 


w? 


6oy 


2aa^ 


4o3/» 


-Saxy' 


-Sba? 


36y 


Tsry 


-26y» 


Tbxy' 


-2aa!« 


-2ay 


— axy 


- ay' 


4aa!y* 


B^m? 


-96y 


-Sxy 


-2ay' 


-86a;y» 



21. ^2. 2a^ 24. 25. 

a(c + d) a(x — y) a(x + y) 6(a? — l) Sa(x + y) 

bjc-hd) (x-^y) —c{x + y) - jx-l) (x + y) 

26. 27. 28. 29. 80. 

a(&+4) a(c-l) c(aj + y) 0(6 -2) («-l) 

3(6 + 4) - (c~l) -Sjx + y) (&-2) -c(a?~l) 



81. 




32. 


33. 




34. 


86. 


2a(a?- 


-1) 


- (6+c) 


3o(a!- 


-3) 


- 6(c+2) 


4a(a!-J ^) 


4(aj- 


-1) 


Ba(b+c) 


a(x- 


-3) 


36(c+2) 


e^+y) 


— a(aj- 


-1) 


6(b+c) 


—2alx- 


-3) 


- (c+2) 


~lui(x+y) 


- («,- 


-1) 


-2a(b+c) 


(X. 


-3) 


2ft(c+2) 


- (x+y) 



To THB Tbachbr. —Teach addition of polynoodals. 



24 ALQEBUA. 

Express the following in their simplest form: 

1. 2aj~4y-6aj-6ai+3y+3ai-2y+6aj-ai+3y. 

2. 46+3c-2d~6c-26+8d+36+3c--c-6(i 

3. 6aj-3y~4«+6y-3«-3tt-2a;+9«-6y+4a. 

4. 3a-4c+6d+7c-4e— 2a— 2d-6/— 3c+3e. 
6. 66-3c+6d-4c-9d+6c4-3d-26+3/-6c. 

6. 2aj+3y+2y-3«-3a;+2«+2a?+3u--4y-6ai. 

7. 6a+4&-7c-56+3d-2a+7c-3d+76+5m. 

8. 7a?y— 3y+«+y+a^— ^--6a?y+2— 3aj— y+7ai--y. 

9. 5ac+2d-e-d+ac-c-3ac-2/+e+d+6e-d. 
10. 56a?— 3caj— 4da;+a?y+aB+6da;+2<xB— 2a5y— 46a?. 
IJ. 7a-66+4c-2c-a-d+5c+66-2a+6cZ— 3a. 

12. 5a6+4ay-5c-9ay+3c-4a6+4c+3a6*-6a 

13. 4ac— 2a6— 6ay+4a6— aaj— 4ay— 4ac+7ay— a6- 

14. 3a+66-4c+6c-a+3d+2a-c-66-2d-3a. 

16. 7ay-3icy-72*+6ajy— 9ajy-2u*+2aY+9«*- 

16. 7ac-r8aaj+6ay+3aa5— 3icy— 4ac— 4ay+6aa5— ac. 

17. 9a^»+4a^6«-36*-3a?6»-2c«-7aV+36*-2aV. 

18. 6a6— 4ac4-7aa5— 4ajy— 3a6— 4aa;+4ac— 2a5+ajy. 

19. 7a6— 6ac+3ad+2ac— 2ae— 6a6+2ac— 4ad— a6. 

20. 5ac— 7aaj+4aaj— 3ay— 3ac— 2ay+7aaj+6ay4-ac. 

21. 6aa?+2ay— 7a«— 3ajy+4ay4-3a«— 7ay+6a«+aaj. 

22. 3a6+6ac— 3ac-6ad+4ad+7a6— 8a6— 3ac— od. 

23. 4a6-7a€+7ad— 3mn— 7ac— 6ad+9ae+3ac+ad. 

24. 6ajy^5aj2/«+3«— 8a?y*— 62— 4ajy+8ai— 6a?y*— 7«+3iBy. 
26. 4a6-6ay-6c-2a6+2c+7ay-3c-3ay+7c+6a6. 



ADDITION. 26 

1. Add3««-6aj»+2aj-6, aj*.+4-6aj + 2a?,3a^-3aj- 
0^ + 8, 4aj + 4aj*-4-2aj», and 3aj» + 6aj-2-7aj". 

2. Add 4a^-8a« + 3a-6, 6a* + 9-7a-a^, -o* + 
7o«-7 + 4a, 6a«-3a-8a» + 6, and a-4o«-3 + 3a^. 

3. Add (ib^j^ac + ^ad — ^ae, oc + foe — ^od + f a6, 
ad + 2ac + ^ae + \ab, and oe + ac + cp^s+a^* 

4. Add 2(a^'^)+7c, (a^^)-2c, c-3(t»-H>), (flH=&)- 
6c, -c-(a + 6), and 8c + 2(a + 6). 

6. Add Jcwj — ^o^ + |6aj — 26y, a^ + &y + la«^ aj^ — 
^62^ + 00? — 6ap, and |6y — Jay + Jto + Joa. 

6. Add aj* + 3aj"-6aj + 7, — aj^ — 4 + 2aj-3aj', — aj + 
5iB» + 3-6aj", 4aj"-l-4aj-iB», and 8aj + 2-2a?-aj^. 

7. Add 2(a + c)+3(6-c)-6c, 46c-(a + c)-(6-c), 
7(a + c)-2&c + 6(6-c), and 8(a+c) -6c-(6-c). 

8. Add ^a^— ^Oir^+Joaj— |a^, a*x+2ay — ax, \aa— 
\a^x + aoi?, and 2 a'a? — J oa? — f a^. 

9. Add a(a + b) +a(a''b)—a(a + c), — a(a — 6) + 
(a + 6) + a(a-c)+a(o + c), and bla-b)+2(a + c). 

10. Add a(a + l>)+3(6 + c)+(&-c), (6+c)+3(a+6)+ 
6(6-c), and a(6+c) - (0 + 6) --6(&-c). 

11. Add lo^y' + jcy — |a?y + ^a», scy — ay — oa, faa — 
fa?y — |ajV, and ajy + |ay + f a?y. 

12. Add ab+ac+ae'-'2bc, — ac+6c— a6, Joe— J&c+ 
a5--|a€, and oc — 2ac + ^6c — |a6. 

13. Add (a + c)+2a(6+c), 6(6-c)+a(a+c)-(5 + c), 
(a + c)-(6-c)-a(6 + c), and 4(6-c)+(a + c). 



26 ALOJBBRA. 

BZEB0I8B8 IN ALQBBRAIO BZPBB88ION. 

1. Write six times the product of x and y, increased 
by three times the square of x. 

2. Write three times the sum of a square and b square, 
diminished by five times the product of a, b, and c. 

3. If a represents an odd number^ what will represent 
the next larger odd number ? 

'4. If X represents an even number^ what will represent 
the next smaller even number ? 

6. If a man can perform a piece of work in x days^ what 
part of it can he do in one day ? 

6. Write an expression for the sum of three consecutive 
numbers of which x is the smallest. 

7. How many square yards are there in a ceiling which 
is X feet long and y feet wide ? 

8. What is the interest on five hundred dollars for a 
years at x per cent per annum ? 

9. Write an expression for the simi of four consecutive 
even nimibers of which x is the largest. 

10. If a man can perform a piece of work in x days^ what 
part of it can he do in four days ? 

11. When a represents an integer^ does 2 a — 1 represent 
an even nimiber or an odd number ? Show why. 

12. At six per cent per annimi^ what is the interest on 
three thousand dollars for x years ? 

13. Write an expression for the sum of five consecutive 
odd numbers of which x is the middle one. 

14. In eight years a man will be x years old. How old 
was he eight years ago? 

16. A man bought x sheep at a dollars a head and had 
b dollars left How much money had he at first? 



EQUATIONS AND PB0BLXM8. 27 

BQUATIONS AND PBOBLBMS. 

To THX Tbaohbb.— -Teach how to transpoae a tenn from one 
memher of an equation to the other, also how to solve such eqaations 
as the following: 

1. 4a;-4:s2a; + 8. 2. 6a; + 3 = 2a; + 9. 

3. 9»-8 = 4aj + 7. 4. 7aj + 4 = 3aj + 8. 

6. 6aj-.3 = 6» + 4. 6. 8aj + l = 6aj + 9. 

7. 7aj-6 = 4aj + 9. 8. 3-3aj = 9-6aj. 
9. l + 2aj = 9-2aj. 10. 6— 4aj = 7-6as. 

11. 3»-7 = 8-2as. 12. l-7» = 9-9as. 

1. My house and lot cost $17,600, the house costing 
4 times as much as the lot Find the cost of the house. 

2. Twice a number increased by 68 is equal to three 
times the number diminished by 57. Find the number. 

3. The sum of two numbers is 112^ and their difference 
is 36. What is the larger number ? 

4. A horse and carriage cost $365. If the horse cost 
$ 86 more than the carriage, what was the cost of the horse ? 

6. A, B, G, and D have 280 sheep. B has twenty more 
than A, G has twenty more than B, and D has twenty more 
than C. How many have A and B ? 

6. A man paid ^ of a debt and still owes $ 90 more than 
he paid. How much of the debt did he pay ? 

7. The sum of the ages of father, mother, and son is 
105 years. The mother is twice as old as the son, and five 
years younger than the father. Find the father's age. 

8. A has twice as many acres of land as B, and B has 
three times as many acres as G. If together they have 
2600 acres, how many acres have B and G ? 



28 ALOSBnA. 

9. Separate 148 into two parts Buch that the gieater shall 
exceed the less by 34. 

10. The sum of two ntunbers is 269^ and their difEerence 
is five times the smaller. Find the larger number. 

11. A man lost ^ of his money, but he still has 96800 
more than he lost. How much has he left ? 

12. Three farmers sold 2080 bushels of potatoes. A sold 
^ as many bushels as B, and G sold f as many bushels as 
A and B together. How many bushels did B sell ? 

13. A father and son earn l|^107 a month. If the son's 
wages were doubled, he wouid receive only l|^ 11 less than 
his father. How much does the son receive? 

14. A man built a house costing five times as much as 
the lot. If the lot cost fourteen thousand dollars less than 
the house, how much did the lot cost ? 

16. Three men raised 1926 bushels of com. A had three 
times as many bushels as B, and 176 bushels more than C. 
How many bushels did A and B raise ? 

16. A has one-sixth as much money as B, and C has 2f 
times as much as A and B. If G's money exceeds B's by 
1^4600, how much has B? 

17. The sum of the ages of father and son is 72 years, 
and the difference between their ages is twice the son's age. 
Find the age of the son. 

18. A man has four thousand fifty dollars in four banks. 
He has twice as much in the first bank as in the second, 
twice as much in thp third as in the first and second, and 
twice as much in the fourth as in the other three. How 
much money has he in the third bank ? 

To THB Tbaohsb.— TeaAhG6 . . • • 7L 



aUBTSACTIOS. 29 

SUBTRACTION. 



1. 


3. 


8. 


4. 


6. 


6. 


7o 


-96 


3c 


-6* 


9a 


-75 


3a 


-26 


-6c 


-7a! 


i4a 


'86 


7. 


8. 


9. 


10. 


11. 


12. 


4x 


-3c 


9a 


-76 . 


-8c 


55 


Bx 


i-8c 


.8a 


-f&h 


-3e 


-+86 


18. 


14. 


16. 


16. 


17. 


18. 


9c . 


-7» 


a 


-6c 


76 


-6a! 


■ c 


+- » 


,9a 


-^6c 


-^26 


-8a! 


19. 


20. 


21. 


22. 


28. 


24. 


a 


— c 


8» 


-4a 


-7d 


4« 


2a 


-(-7c 


-7* 


•^3a 


- 3d 


-V9e 


26. 


26. 


27. 


28. 


29. 


80. 


8» 


-7c 


46 


-4a 


8s 


-5d 


3 a! 


•^2c 


-85 


-5a 


-4a! 


7d 


81. 


82. 


88. 


84. 


86. 


86. 


6e 


-2a 


7y 


-9d 


-7e 


3a 


7« 


-6a 


6y 


-8d 


5e 


-8a 


87. 


88. 


89. 


40. 


41. 


42. 


76 


-20! 


d 


-3c 


9a 


-4e 


_6 


— X 


7d 


-4c 


-6o 


9< 


48. 


44. 


46. 


46. 


47. 


48. 


d 


— a 


60! 


-85 


-9e 


6c 


2d 


-6o 


Bx 


-75 


7e 


-9c 



80 ALOXBBA. 

49. 50. 61. 62. 68. 64. 

7ae -7a? 6a -36c 96» -4a6» 

2oc -3a? 6o -46c -4»» 7a6« 



66. 


56. 


57. 


58. 


69. 


60. 


36c 


-3c' 


3x 


-7a6 


-8a? 


46c? 


8&C 


-8<? 


40! 


-6o6 


3a? 


-7b<? 


61. 


62. 


68. 


64. 


66. 


66. 


9a6 


-6a« 


26 


— ae, 


7rf' 


- o<? 


ab 


- a» 


_6 


—2ac 


- a^ 


8a<? 


67. 


68. 


69. 


70. 


71. 


72. 


oc 


— a 


a 


-2oa!' 


-76 


a^ 


9ac 


-7o» 


2a 


- aa? 


6 


-8a!5^ 


78. 


74. 


75. 


76. 


77. 


78. 


86c' 


-96« 


9c 


-66c' 


8c 


-7aai' 


36<? 


-26» 


2c 


-66c 


-7c' 


903? 


79. 


80. 


81. 


82. 


83. 


84. 


406* 


-7a5 


76 


-8ac» 


-8o 


8a6» 


9a6* 


-9a!' 


86 


-Joe? 


6a 


-9a6» 


86. 


86. 


87. 


88. 


89. 


90. 


6a!y» 


-8c 


2a! 


- aa? 


6a! 


- x!^ 


a?5^ 


- <? 


X 


-2aa? 


-a? 


7x!^ 



91. 92. 93. 94. 95. 

aa? y a —2052^ —9c 
7aa^ — Gy* 4a — ay* ^ 

To TBB Tbaohsb.— Teach 72. 








SUBTRACTION. 
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Sabtract with referenoe to the similar parts: 




1. 


2. 


8. 


4. 


6. 


6. 


ax 


-ay 


oc 


— OOP 


ac 


y 


bx 


-2y 


_c 


— X 


-6c 


-cy 


7. 


8. 


9. 


10. 


11. 


12. 


be 


— ax 


d 


6a; 


— c 


ay 


So 


--bx 


^ 


— X 


-6c 


-2,v 


Id. 


14. 


16. 


16. 


17. 


18. 


ao 


— oa; 


^ 


ac 


— am 


c 


te 


— 3aj 


JL 


-6c 


— m 


— ac 


19. 


20. 


21. 


22. 


23. 


24. 


CUB 


— ac 


y 


ex 


— n 


od 


4x 


-ftc 


2 


— SD 


— en 


-4d 


26. 


26. 


27. 


28. 


29. 


80. 


am 


-6c 


ad 


6a) 


-ay 


n 


cm 


-6c 


_d 


-da? 


- y 


— an 


51. 


82. 


88. 


84. 


85. 


86. 


9d 


— cm 


n 


<xc 


— » 


6c 


Bd 


^am 


!!S 


— c 


"CX 


-6c 


87. 


88. 


89. 


40. 


41. 


42. 


cy 


— ex 


ay 


mx 


^od 


6 


^ 


-4a; 


^ 


— na? 


- d 


-a6 


43. 


44. 


45. 


46. 


47. 


48. 


be 


-dy 


C 


am 


— X 


ay 


6e 


-^ 


OC 


— m 


-6a8 


.-7y 
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1. From a^b+c+4i subtract &+c— -a 

2. Subtract u+y+x-^z from x+2y^z. 

8. From a+c+2x'-y subtract 2a5 — 6+a. 

4. Subtract 2c+y—2x from Sc+d+x+6. 

6. From 66+2c+d subtract c+8— 4d— 66. 

6. Subtract 62— 4+6® from To?— 8 y +6 2—6. 

7. From 7 c— 8d— 6e subtract 3(i+/— 4 c— 4e. 

8. Subtract d— 4+3a&— 6c from 806- 5c+4d. 

9. From 4aa?+6ay— 2+8 subtract Bay—z+dax. 

10. Subtract 8(fe+7+66c from 66c-46+8(ic+/. 

11. From 4ca?+76y— 2ajy— 9 subtract 76y+8+3cas. 

12. Subtract 3a5+6—7ac—3aaj from 4a5— 6ac— am. 

13. From Soap- 7ay— 3ajy— 232 subtract 4ajy— 7— 7aj^. 

14. Subtract 5 c-8 6c-2 be from 4 6c+2 6d-7 6e-8 de. 
16. From 60m— 6an+4ar—7r« subtract 126+6am—9an. 

16. Subtract Aax—2xy+7<ib from 4aa5— 6ac— 3a?y+8a6. 

17. From 4:ay'-'7 xy—Sby +5xz subtract Qxy+dxz—Sby. 

18. Subtract 3a'aj— 8— 2a'y from 3a*aj+3aa?— 2a^— 4a2. 

19. From 8a:^— 8ajy'+3a52 subtract 7a^—2xz+7—9xj^. 

20. Subtract 8a:^-6ajy-36aj* from 2Ba?+9a^+7xy-S. 

21. From 7ab-BaV+24.b^ subtract 7a5-6a6*-7-37&^. 

22. Subtract 7b<?'-abd + 9b^c from 46*0 + 8 6c*-a5d-9. 

23. From 8a^— 8aV+187 subtract 2+7 a^ +243+7 a'a?. 

24. Subtract 2a^2-932^-8+29aj* from 4.8 a? -7 y^+xyz. 
26. From 16 a*c+ac*+d subtract 30 ac»+7— 26 d+73a'c 
26. Subtract 9aJ2^+2-434-22a^?/ from aj^+8a3^-266. 



SUBTRACTION. 88 

In such examples as the following, write all the poly- 
nomials, similar terms in a column, writing those to be 
subtracted with their signs changed^ and then add. 

1. From the sum of 2a + b — c + d and 3d + 4a — 35 
-subtract 26 + 4 + 4d + 7a. 

2. Subtract 3^—2 u + 2a? from the sum of 3a; — 4^^ + 
Sz — u and S + By — x — z. 

3. From h — c + d — Ae subtract the simi of 2(2— 7e+ 
76-3c and 3e-l66-d. 

4. Subtract the sum of 2& + 3y — 7a; — 5a and 5a; — & 
— 4y — a from a+^ — 3a5. 

5. From the sum of 4a5 + j^ — 22 and 4M + 3y — 705 — 
2z subtract 4m + 4^ — 62 + 5 — 3a5. 

6. Subtract 3a — 2d — 6 — 4c from the sum of 4a — 
26 + 3c + dand6-3d+5a — 2c. 

7. From 3aj — 4y + 3« — M subtract the simi of 2 + OP- 
8 — 5y and Sz + 2x-'2u. 

8. Subtract the simi of 5m — a — 9n and 5&+5n + 
a — 4m from a + 46 + 6m — 4n. 

9. From the sum of 4c + d — 3e and 76— /— 9d— 5c 
subtract c — 2d — 2/— c. 

10. Subtract the sum of Joj- ^y — c and 2 — Jc from 
the sum of ia — ^c — ^x and f 2^ — ^05 + 2- fa. 

11. From thesumof m + Jn — |r andr — 4« — n — 2m 
subtract the sum of 8 — 3« — Jn and Jr — Jn. 

12. Subtract the sum of 3a + e + c and |d + |b fron^ 
the sum of 4a-J6-c and 2c + |d + 26 + «, 

c 
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13. From the sum of 2a6 — ac-|-2bcand2ac — 6c — 3a6 
subtract the sum of 3 oc — 4 &c — a& aiid 2 abc — 2ab — 2ac. 

14. Subtract the sum of ah — ac*4-a'&j a*b — ac^^a% 
and oft* + a'c + ac* from a% + a*c — oc". 

16. From the sum of Saj" — 2aj + 5 and 4aj + 2y — 4 
subtract the sum of 3a? — 205* + 3 and ^ — 2® — 2. 

16. From the sum of Sxy — 2xz + yz and xz + Bs^ — xy 
subtract the sum of 4a»--2^ and 4:^ + xy + yz — 5xz, 

17. Subtract the sum of xy^—xs?—ah and ass*— a;^ — 05% 
from the sum of ODy^ — a^y — ah and a^ — xs? — a5%. 

18. From 4 a6 — 3 ac + 2 6c subtract the sum of 
Sbc + bd — ac, Saib — Sbd — bc, and &d — 2 oc — a6. 

19. Fromthesum of 2a:^ — 3aj% + a52j', 2a5%--2aJ2;'-aj»y, 
and 2a»' — aj^ — aAs subtract ao* — ajy--2aj%. 

20. Subtract the simi of 2a? — a:" — y, a? + 6 — 2aj^, and 
a? — a?* — 4 — ^ from 2ar^ — 4a?* + 3a5. 

21. From the sum of —a^b+ah -db^ and oc*— 2a*c-|-3a% 
subtract the sum of — a^c — 2 ab^ and 2a^b — 2cu? — ab\ 

22. Subtract a^z — ocy — 2 xy^ from the sum of a?y — 2xy 
+ xy^, a^z — 3 a^y — 5 xy^, and 3 a^ + aj% -f- 2 aj^. 

23. Subtract the sum of 2y-cP + 2c*, a« + 6-c», and 
2(p-6»-5 from 2 0^4- 362 + c»- cP. 

24. Subtract the sum of a^ — 4 a*c 4- 5 a5' and 2 a*6 — 
2 oc* — 2 a^c from the sum of 2 a6' + 3 a% — 5 a^c and 4 aV 
-3ac2-a%. 

25. Subtract 2xs? — 2xy^'-a?y from the sum of xy'—xi? 
..^ ^ _ a?%, — 3 a;^ — 2 a;?/*, and 4 aj^a; + 3 a»^ 4- a?^. 

To THB Tbaohsb. — Teach 73. 
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Remove the signs of grouping and simplify : 

1. a-6-(6-2a). 2. x-(jy-x + 2y), 

3. a + (6 — 2a — 6). 4. 5aj4-y — (« + y). 

6. c + d— (— c + (l). 6. a+(— a — a-f-ft). 

7. aj— (— »— 05 — ^). 8. a — 6— (—a + 6). 
9. 3a? — ^ — 05- (— ^). 10. c+(— c — 4c — d). 

11. a + 46— (— a + 6). 12. a — 36— (— a + &). 

13. 7c-(-2c-c + d). 14. 76-(-c-46 4-c). 

15. 5aj — ^— (— 2aj + 3/). 16. 5aj + 3/— (— 4aj — y). 

17. 8a-(-4a4-6 + c). 18. 9a-(- 6-8c + <0- 

19. 6c— (— 6 + 4c)— 2c. 20. 3m — w— (— n + m). 

21. 8aj-{2/-32-(^-62; + aj-62/)-42;}. 



22. 4a-[6-(3c-a + 2c-46)+a4-36]. 

23. (3c-6<i + 4-7c)-(2c + 4d + 6 + 3e). 

24. 5a-[364-2a-(6-66)-4a-4-96]. 

25. 66-6c-[6 4-36-(7-c + 72>)-4]-4c. 

26. 2aj — {y— 3aj+(2/ — 6 2 4-a;)-2 + 32( — 4«J. 



27. 6a-{764-4c-(3a4-86 + c)+7a}-6-a 

28. 7a; - 3y + » -[4aj +(22! + 4 y - 2)- 9 a?] + 2(. 

29. 9c-{-4c-(7-2a + e)-3c+(4a-2e)+6}. 

30. aj — { — 22/— (42;-|-8aj)— y— 4a?+(2-3y)— 3a;}. 

31. 9a-[-{6-c-(66-c + 3a-9c)-76 + 6a}]. 



32. .6a;-[7aj-{2aj-(3aj-4a?-8)}-(5aj-4a;-7)]. 

33. 9c -[-8d -(6 - 2 e + 6d)+ 4c] - 7 -(3 e + 5c). 

34. 3a -[4«- {a -(6 a- 2a + 6)1 -(7a -3a + 13)]. 
35.. 4c-[3c-(6c-aj)-{2c-(4c + 3a)-(6c-a + 4)}]. 
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BZEBCI8BS IN ALGBBRAIC BXPBB8SION. 

1. Write seven times the third power of x^ diminished 
by three times the sum of 2 a and 5 &. 

2. H X represents an odd number^ what will represent 
the next smaller odd number ? 

3. If A can do a piece of work in x days and B can do 
it in y days, what part of it can both do in one day ? 

4. Write four times the product of a square and x cube^ 
increased by a times the quantity 2x — 3y. 

6. What is the interest on x dollars for a years at five 
per cent per annum ? 

6. In how many days can m men do as much work as 
n men can do in a days ? 

7. Write an expression for the sum of four consecutive 
numbers of which x is the largest. 

8. If a man can perform a piece of work in five days, 
what part of it can he do in a; days ? 

9. How many square yards are there in a floor which is 
X yards long and y feet wide ? 

10. If 2 a? — 1 represents an odd number, what will rep- 
resent the next larger odd number ? 

11. How many days will it take a man to build m yards 
of wall, if he builds n feet a day ? 

12. How long will it take a person to walk x miles, if he 
walks at the rate of 15 miles in a hours ? 

13. Write an expression for the sum of three consecutive 
odd numbers of which x is the smallest. 

14. How many square feet are there in a piece of paper 
a yards long and x inches widfes^ 

15. A has y sheep, B has 8 "^ less £han A, and C has 16 
more than A and B together. How many have all ? 
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PBOBLBMS. 

1. The greater of two numbers is seven times the less, 
and their sum is 184 What is the larger number ? 

2. A is three times as old as B and 8 years older than 
C. The sum of their ages is 90 years. Find G's age. 

8. In a company of 98 persons it was found that there 
were twice as many women as men, and twice as many 
children as women. How many children were there ? 

4. The sum of two numbers is 240. If the smaller 
number were doubled, it would still be six less than the 
larger number. Find the larger number. 

5. The simi of two numbers is 224, and their difference 
is six times the smaller number. Find the larger number. 

6. After a farmed had sold one-sixth of his wheat, he 
still had four hundred thirty-two bushels more than he sold. 
How many bushels had he left ? 

7. The sum of two nimibers is eighty-four, and three 
times the smaller number exceeds twice the larger number 
by tw;elve. Find the larger number. 

8. A, B, and C together earn two thousand eight hun- 
dred dollars. A's salary is $ 200 more than B's, and $ 300 
less than C's. Find C's salary. 

9. A man rode 118 miles in three days, riding 6 miles 
more the second day than the first, and 4 miles more the 
third day than the second. How far did he ride the third 
day? 

10. A boy bought oranges at four cents apiece and had 
11 cents left ; but if he had bought them at six cent^ apiece, 
he would have needed 21 cents more to pay for them. How 
many oranges did he buy ? 
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11. A and B together earn $175 a month; A and C, 
15 226; B and C, $ 315. How much do all earn ? 

12. The sum of three numbers is 142. The second ex- 
ceeds the first by 9, and the third is 17 less than the second. 
Find the sum of the second and third. 

13. Three men raised 1530 bushels of oats. A had three 
times as many bushels as C^ and 248 bushels more than B. 
How many bushels did B raise ? 

14. A has three times as much money as B; but if A 
gives B six dollars, they will then have equal amounts. 
How much money have both ? 

16. Each of two boys has the same number of marbles. 
If John buys 35 more and Frank loses 15, John will then 
have twice as many as Frank. How many have both ? 

16. A boy has two dollars forty cents in dimes and 5-cent 
pieces. If he has six times as many 5-cent pieces as dimes, 
how many coins has he ? 

17. A has one-third as many sheep as B. If A should 
double his flock and B should sell eighty, they would then 
have the same number. How many has B ? 

18. A has one-fourth as much money as B, and C has 
2f times as much as A and B. If C's money exceeds B's 
by three thousand six hundred dollars, how much have all ? 

19. Frank has one-fourth as many marbles as John. If 
John loses 206 and Frank loses 14, they will each have the 
same number left. How many marbles have both ? 

20. A man sold forty acres of land in two equal parts 
for three hundred sixty dollars, receiving twice as much per 
acre for the second as for the first How much did he 
receive per acre for the second piece ? 

To THS Tbaghbb. —Teach 74 .... 81. 
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MULTIPLICATION. 



1. 


2. 


3. 


4. 


6. 


6. 


7. 


4a 


— 5x 


-7c 


-86 


6a 


-7y 


-6a! 


3a 


-44 


6c 


-66 


4a 


-4y 


4a! 


8. 


9. 


10. 


11. 


12. 


13. 


14. 


Sc* 


-66 


-7a« 


ix 


3 m' 


-4a« 


-8y 


3c 


9&* 


-6a» 


^3x 


2m» 


-7o 


2f 


16. 


16. 


17. 


18. 


19. 


20. 


21. 


ab 


— ax 


— oc 


xy 


a»6 


-a6 


-a'6 


ah 


-ay 


ac» 


-x^ 


o6' 


cd 


-o6* 


22. 


23. 


24. 


26. 


26. 


27. 


28. 


<?d 


— am' 


- y* 


o?y 


ac* 


-66* 


-a6 


ccP 


m» 


-7»« 


-^ 


06* 


-ha* 


^ 


89. 


30. 


31. 


32. 


33. 


34. 


36. 


7a^ 


-a'x. 


-b<f 


xy' 


a»a! 


-4c' 


-o6 


66* 


— ofx 


ac 


-x^ 


oa^ 


3(? 


-«y 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


4 a- 


-6c 


-4a?" 


66- 


a(f 


-(trx 


-6«c 


3o 


2(r 


— 5af 


-76* 


aH" 


— oaT 


6c- 


43. 


44. 


46. 


46. 


47. 


48. 


49. 


4c« 


-o6- 


a6« 


-a-j, 


9 a- 


-6c" 


-xy 


6c- 


-a6» 


-5*c 


asr 


6 a" 


6-c 


-6af 


60. 


61. 


62. 


63. 


64. 


66. 


66. 


o-+» 


— c— 


_a!-+» 


ft»H 


a"+' 


-«" 


-6' 


a-» 


C" 


_a!— » 


-6* 


a" 


— 3!"+' 


-6"+' 



To THB Teaches. — Teach how to multiply a polynomial by a 
mon<{mial. See 82. 
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Multiply: 

1. Sx-^y by — 2y. 2. ab + bc by oa 

8. 2x + i^ by — 4a5L 4. Aa — Bx by 3a. 

6. 4a — 3c by —oa 6. 3a5 + 43^ by Ba?. 

7. 7b + By by -46. 8. 2ac-3c" by aV. 

9. 6« — 4y by — 6«. 10. 3ajy + 2y" by jcy. 
11. 3V + Ba? by —to. 12. 7ac-66c by 36c*. 
13. 6cd — cW by — cd. 14. 6am + 26n by 4mn* 

16. 4ay + 3a*6 by -2a6. 16. 6c"<l — 4ccP by 3c"(?. 

17. 3a^-6aaj* by — 3a^. 18. Aaa^ + Bafx by 6aV. 
19. 6ajV + 2a5^ by —Baa?. 20. 7»y — 2a5^ by 3ay- 
21. 7a»6*-4c"(P by -a6cd. 22. 6aV + 36y by a6a^. 

23. 4a — c + 3« — 2y+ajy by cop. 

24. 3a? + 2y-66 + 6c-ca? by 6y. 

26. 46 + 2c-a + 3y-ajyby36V. 

26. 005- 3a + 26 — 6aj + 4y by aV 

27. 6a-a6 + 36 — 4c + 76* by 2a^. 

28. 6«(? + 26-2c" + 6»c"-4c by 36«c". 

29. 2c + 2c"-a*c + 3a-aV by 4ac^. 

30. ajV-3aj + 6^-ajy + 3y by 2aj^. 

31. a«6 + a6*-6a + 36-46* by 3aV. 

32. 3aj-aaj* + 4a-a^ + 2aj" by 5a«a?. 

33. 3a»-a«6« + 66-6«(? + 7a by aV(f. 

34. ajy + 22;*-4aj + afe*-5y by aY«". 
36. 2a5^-3ajy + 4ajy»-3y + 42 by 4a?y%. 
36. 3a*-2a»6 + 3aV-2a6» + 26* by 4a*6«c". 

To THB Tbachbb.— Teach how to multiply a polynomial hy a 
polynomial See 88. 
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Multiply: 

1. 2x + y hj x + Ay. 2. a — So; by 5a — A 

3. 36 + 2yby6 — y. 4. 4a — c by a + 2c. 

6. 4a-36 by 3a-6. 6. Sh + x by 26-6a3L 

7. ac + ficy by ac + a?y. S. ab + cd hj ab — cd. 
9. 005 + cy by aa — cy. 10. 6aj — dy by &aj + (2y. 

11. 2aj — 6y by 3a + 2y. 12. 7a + 5c by 3a-4a 

13. 5a + 4c by 3a — 2c: 14. 3c — 5y by 6c + 2y. 

16. 7a5-6y by 2aj — 4y. 16. 9a + 26 by 2a + 96. 

17. 86 + 3c by 66-4c 18. 8aj-3y by 4aj-7y. 
19. 4a5?-2y" by 6aj + 3y. 20. 6a*-4&* by 3a-6& 
21. 7a5" + $y* by 2ap-4y. 22. 4c"-6«» by 6c-7aB. 

23. 3a» + 6a-6 by 4a*-6. 

24. 6a?*-3«»-2a5" by aj"-as. 
26. 4a!?-2aj" + 6aj by 6aj-3. 

26. 3c"-2c + 4 by c"-c + l. 

27. 4a^ + 6a — 3 by 3a*-a + 6. 

28. 3«» + 2aj"-4aj + l by Bx + A. 

29. a^ — osV — 3aj^ by 305^— a?j^. 

30. 3a6 + 2&* + a» by 2a*-3a6+5». 

31. 6ac-2a« + 3c" by 3a* + c" — 2ac. 

* 82. 3a!?-2aj + 3aj"-5 by 3 + 2iB«-4as. 

: ^ 3ajy» + «»-3a?y-y" by y" + 2ajy + a?. 

34. 3m*-2m4-4-2m* by 2m^-4-3m. 

36. 2a^+3«-2aj"-aj"-3-by 3a? + a5" + a 

86. 3rf + 2a-4a« + l by 2a^-a-3a«-4. 

87. 9aj? + 2a^ + 3a5^ + 4y» by 4aj» + y"-3a^. 
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38. 4a?-3a?-2 by a:* + a!-3. 

39. 3a*-5a + 3 by a-'-4a + 2. 

40. a^ + a6 4- 26* by a« - aft - 61 

41. si?-3xy-^5 by aj» + 4ay-3. 

42. y-46c + c* by 6«-56c-A 

43. a* 4- b^-d?V by a* + ft* + aW. 

44. 3a^ + 2aj»-4aj'-6 by ic'-S. 
46. 12iB« + 4-3a? by 6 + 6a^-4«. 

46. 6aj'-12ajy4-22a:y by 4y + 3ife 

47. 2a4-3 + 4a2 by 3a + 4a»-2al 

48. 3a? + l4-aJ* by 4aj*-2aj + l~a!?. 

49. 2a«-3ft* + 4c« by 6a« + 2ft«-.4c>. 

60. a* — 3a'c 4- Sac* by 3a'c — ac* — 6a«- 

61. a*-a* + 3a-2a» 4-1 by a* + ^-a. 

62. 3aj»-2ajy4-53^ by 4aj*4-2aJ2/-3^. 

63. 3aj»4-6y*-4ajy by 3a»4-6^4-4ajy. 

64. 2aj8-4a;4-2aj*4-8 by 3a»-6-2«. 
66. nt^ + f + l — xy — x — yhjx + l-^-y. 

66. 5a:*4-4-6a;,by 2aj»-4aj4-3-12aj8. 

67. a* 4- ft^ + a - a2> + ft + 1 by a - 1 4- ft. 

68. a' 4- ft* 4- c* — aft — ca — eft by a 4- ft 4- c. 

69. jr*4-2ajy4-y' + 2* by iB*-2ajy4-^-«^. 

60. 3a:*-aj*4-4-aj'4-2aj by 3aj*4-6-4a?. 

61. a*~ac4-c*-ftc4-ft*4-2aft by a4-ft4-c. .y 

62. 2m*4-3mn" — 4m*n — n^ by m*4- w* — m». 
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Simplify the following : 

1. ^ (a + x){a — xj{a — x){a + x), 

2. (l-aj)(l + aj)(l + aj)(l+'a?). 

3. (l + a*)(l+aO(H-a)(l-a). 

4. (a^-2a^ + 2/«)(aj»4-2ajy + 3/^. 
6. ia^ + v^)(p?'{-Q?){a + x)(a-x). 

6. (a«^c«)(a2-(^(a*-c^(a»-c«). 

7. (a + c + aj)(a + c — a?)— (2ac — aj^. 

sT 8(a-2c)(a-f2c)-3(a-5c)' + 6a*. 

9. 5(2a-a;)8-2(2a + 2aj)(2a-2a?)-6aj". 

10. (a-3c)(c-2a)-(a-4c)(2c-a)+8ac. 

11. (3a;-2j-)3(3a; + 22^)~3(4a? + 3y)«-7ajy. 

12. ^{x^2y)(x-2y)-{x^4.yy + S{3? + bf). 

13. (aj-4)(aj-2)-2a;(a? + 4)+6(ic + 3)(a? + 4). 

14. (ic + y)(y-2!)-(2!-w)(M + aj)-(a;4-2!)(y-w). 

lb. XOf - «X« -^) + (« - y)(j!f - a)+.(2(^-i3^^flL:z-«)-- ^-. 
16. (af + y'^Xx + y). 17. (a - 6)(a"* - 6"). 

18. (a* - d")(a~ + (f). 19. (a^4-2r)(«" + 3r). 

20. (a"* + af'Xa'' 4- aJ"). 21 . (a"* - c")(a"* - cT). 

22. (a^-2r)(«'^ + 2/'^)- 23. (m'"^ - ri'-^)(m' - 7i*). 

24. (a** 4- c«»)(a-» + C-"). 25. (of +^- 3r+0(«^""*+ y""*)- 
26. (a"* - 6*)(a-*" - 6-*»). 27. (aJ-^2 + 2r+^(a?-^~2/-^. 

28. (4a*'-2a*' + a''-l)(3a» + l). 

29. (2a*"-3a"'(f + c*")(2a~ + 3<f). 

30. (3af' + 2af'-^-4a^-^-l)(3a; + l). 
81. (4a''--3a— ^ + 2a»-» + 3a'»-«)(2a-l). 

To THiB Teachbb.— Teach 84 .... 90. 
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FOBMUIiAB. 
Write the following piodxicts by inspection: 

1. (a + c)(a + c). 2. («-y)(«-y). 

8. (6 + c)(6-c). 4. (a + h)(a + b). 

6. (a — a5)(a — flc). 6. (a — as) (a + a?). 

7. (e + c)(e + c). 8. (aJ + y)(»-y). 

9. (c + a)(c + d). 10. (a-cl)(a-cl). 
11. (p'-x)(b + x). 12. (« + y)(« + y). 
13. (a-6)(a-6). 14. (c + d)(C''d). 

16. (r + «)(r + «). 16. (6-c)(6-c). 

17. (a-6)(a + 6). 18. (a + a?)(a + aj). 
19. (h-x)(b-x). 20. (e+c)(e-c). 
21. (b + c)(b + c). 22. (a-cX^ — c). 
23. (a + l)(a-l> 24. (6 + 8)(6 + 8). 

26. (6-4)(6-4). i86. (aj - 2) (a? + 2). 

27. (a + 7)(a + 7). 28. (8- a?) (3 - «). 
29. (c + 3)(c-3). 30. (x + 6)(x + 6). 
31. (2-a)(2-a). 32. (6-4)(6 + 4). 
33. (c + 5)(c + 5). 34. (l-c)(l-c). 

36. (a + 5)(a-6). 36. (a? + 4) (a? + 4). 

37. (a-7)(a-7). 38. (a? - 6) (a? + 6). 
39. (a + 3)(a + 3). 40. (c-6)(c-6). 
41. (c + 7)(c-7). 42. (c + l)(c + l). 
43. (6-a)(6-a). 44. (6-8)(6 + 8). 

46. (2 + 6)(2 + 6). 46. (l-a?)(l+«). 

47. (a:-9)(«-9). 48. (« + 7)(«-7). 
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49. (2a-6)(2a-6). 60. (o + 36)(a-36). 

61. (4:X + y)(4:X + y). 82. (a-4aj)(a + 4»). 

63. (a + 2a?) (a -2a). 64. (3b + c)(Sh+c). 

66. (aj-4y)(a-4y). 66. (6a-c)(6a + c). 

67. (a + 46)(a + 46). 68. (3c-cl)(3c-d). 
69. (2a? + 3)(2a-3). 60. (l + 3c)(l + 3c). 
61. (4a -6) (4a -6). 62. (3 6-1) (36 + 1). 
63. (2x + T)(2x + T). 64. (1 - 9a)(l-9a). 

66. (6c + 3)(6c-3). 66. (4 a? + 4) (4 aj + 4). 

67. (2a-6c)(2a-6c). 68. (ax-Sy)(aa + 3y). 
69. (ac+4^(ac + 4c). 70. (3a?-ajy)(3a;-ajy). 
7irt^ + »y)(8a?-ajy). 72. (6c + 6 d) (6c + 6 d). 
73. (3a-a6)(3a-a6). 74. (a6-7c)(a6 + 7c). 

76. (6a4-ac)(6a + ac). 76. (a:y — 4a?)(a?y — 4a;). 

77. (8a-96)(8a + 96). 78. (2a;4-3y)(2aj + 3y). 
79. (4a-2c)(4a-2c). 80. (76 + 6c)(76 -6c). 
81. (6a + 3a;)(6a + 3a?). 82. (4aj-6y)(4aj-6y). 
83. (96-7c)(96 + 7c). 84. (2c + 5d)(2c + 5(i). 

86. (2a-ac^(2a-ac«). 86. (x+Jx^ix-Txi^. 

87. (5c + ac^(5c + cuf). 88. (6 - 3 a6») (6 - 3 a6»). 
89. (9a-6c^(9a + 6c^. 90. (x + 6ys^(x-^6ys^. 
91. (7c-6c^(7c-6c^. 92. (8 a + a«^ (8 a - a«^. 
93. (a-4a6^(a-4a6»). 94. (8aj-a^(8aj + aJ2/^. 

96. (3a* + 26*) (3a* + 26"). 96. (6ar-23r)(6af-23r). 

97. (6rf*-7c")(6a* + 7c"). 98. (4a*+3a^)(4a-+3a*> 
99. (7af-2af)(7af-2af). 100. (2ar+7^){29r'-7^). 

To TBS TsACBBB. — Teach 91 and 92, 
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Write the following products by inspection: 

1. (x + 3)(x + 2). 2. (a?-6)(aj-2). 

3. (a? + 4)(aj + l). 4. (a?-6)(a?-3). 

6. (a?H-5)(a; + 4). 6. (aj - 7)(a? - 2). 

7. (a? + 6)(a! + l). 8. (a? - 6)(a! - 4). 
9. (a; + 4)(aj + 2). 10. (a~7)(a-8). 

11. (a? + 7)(a? + 3). 12. (a-8)(a-l). 

13. (aJ + 6)(aj + 5). 14. (a-7)(a-5). 

15. (a? + 8)(aj + 4). 16. (a-9)(a~l). 

17. (x + 9)(x + 6). 18. (a-8)(a--3). 

19. (a; + 7)(a? - 4). 20. (a + 2)(a-6). 

21. (aj-l)(a; + 6). 22. (a-6)(a + 4). 

23. (a? + 6)(a; - 5). 24. (a; + 2)(aj - 3). 

25. (a-4)(a + 5). 26. (a?- 7) (a; + 3). 

27. (a? + 5)(aj-l). 28. (a + 7)(a-8). 

29. (a-6)(a + 7). 30. (a; - 8)(a; + 5). 

31. (a; + 4)(aj-2). 32. (a + 5)(a~9). 

33. (a-3)(a + 4). 34. (a; - 8)(a? -f 6). 

35. (a; + 6)(aj~2). 36. (a + 4)(a-9). 

37. (aj + 9)(a; + 2). 38. (a; - 9)(a; + 2). 

39. (a;-7)(aj-4). 40. (a + 7)(a~2). 

41. (aj + 9)(aj + 6). 42. (» + 6)(a; - 9). 

43. (aj - 8)(a? - 3). 44. (a-l)(a+7). 

45. (aj + 7)(aj + 9). 46. (a-9)(aH-7). 

47. (a?-9)(aj~4). 48. (a4-6)(a-4). 

49. (a? + 8)(a? + 2). 50. (a + 3)(a-9). 
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61. (x + Ei)(x + l). 62. (a-l)(a-7). 

63. (a-6)(a4-2). 64. (a?-4)(aj + 9). 

66. (aj + 4)(ic + 3). 66. (a + 2)(a-6). 

67. (c-6)(c + 7). 68. (6-4)(6-6). 
69. (y + 4)(y + 8). 60. (a + 8)(a-7). 

•61. (ic-6)(aj + 5). 62. (c-3)(c-l). 

63. (6+6)(6 + 2). 64. (y + 3)(y-4). 

66. (a;-8)(aj + 9). 66. (a-6)(a-3). 

67. (c + 6)(c + 7). 68. (a; - 7)(aj + 6). 
69. (a + 7)(a-3). 70. (y-4)(y-3). 
71. (a;2 + 6)(aj* + 3). 72. (a« + 4)(a«- 9). 
73. (c« + 9)(c»-2). 74. (6«-l7)(6«-l). 

76. (a2 + 6)(a« + l). 76. (aj« - 5)(a? + 4). 

77. (f^SXf + S). 78. (c«~5)(c«-3). 
79^J^iaL4::.2}([4a:i.3)- 80. (3a4-5)(3a-- 6). 
81. (l4-4aj)(l4-3aj). 82. (1- 6a)(l + 4a). 
83. (5c + 6)(6c-2). 84. (8y - 3)(8y -2). 
85. (l-6c)(l + 8c). 86. (1 - 46)(1 -66). 
87. (76 + 4)(76 + l). 88. (6 a?- 9) (6 a? + 3). 
89. (l+62/)(l+4y). 90. (1 +7a?)(l - 8 a:). 
91. (3a-3)(3a-f'8). 92. (9c- 4)(9c-l). 
93. (l-f9a)(l-8a). 94. (l-2c)(l- 7c). 
95. (4aj + 6)(4aj + 4). 96. (5y -f 6)(5y- 7). 
97. (l+7aj)(l4-3aj). 98. (1 -4a)(l + 3a). 
99. (66+7)(66-'6). 100. (3 a; -3) (3 a? -4). 

101. (1-73^)(1 + 83^). 102. (l-3a?)(l-6aj). 
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BXBB0I8BS m ALQBBBAIO BXPBBSSION. 

1. Write the third power of a, plus three times the 
prodact of b square multiplied by x, diminished by m times 
the square of the binomial a — x. 

2. Ii2x + 1 represents an odd number, what will repre- 
sent the next smaller odd number ? 

3. At n cents a square foot, how much will it cost to 
plaster the ceiling of a room a yards long and b feet wide ? 

4. What is the interest on a dollars for eight years at 
X per cent per annum ? 

6. If A can do a piece of work in x days and B can 
do it in 2^ days, what part of it can both do in 3 days ? 

6. if X represents an integer, does 2 a? + 2 represent an 
even or an odd number ? Show why. 

7. Write an expression for the sum of five consecutive 
numbers of which x is the middle one. 

8. If it^takes a men x days to do a piece of work, how 
many days will it take one man to do it ? 

9. If a; represents the number of tens in a number and 
y the number of units, what will represent the number ? 

10. At n cents a square yard, how much will it cost to 
plaster the four walls of a room a feet long, b feet wide, 
and c feet high? 

11. Write 9,n expression for the sum of three consecutive 
even numbers of which x is the smallest 

12. While the minute-hand of a clock is passing over 
X spaces, how many spaces does the hour-hand pass over ? 

13. A merchant bought a pieces of silk at n cents a yard, 
and b pieces of another kind at m cents a yard. Express 
the cost in dollars, if each piece contained x yards. 

14. At c dimes a square yard, how much will it cost in 
doUem %Q carpet a room a yards long and b feet wide ? 
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PBOBLEMa 

L A has twice as much money as 6, and 6 has twice 
as much as G. If they all have 1 455, how much has G ? 

2. A has twice as many sheep as B and 35 less than 0. 
If all have 635, how many has A? 

3. The sum of the ages of A, B, and G is one hundred 
forty-eight years. A is three times as old as C, and eight 
years younger than B. How old is B ? 

4i A horse, carriage, and harness cost 1 292. The horse 
cost ninety dollars more than the harness, and the carriage 
cost twenty-three dollars less than the horse. Find the cost 
of the horse and carriage. 

6. A is three times as old as B, but ten years ago A was 
5 times as old as B. Find A's age. 

6. A lady spent ^ of her money for a dress, when she 
found that she had left 1 144 more than she had spent. 
How much had she left ? 

7. Three men engage in business with a capital of 
$ 14,000. B inyests one-half as much as A, and four hun- 
dred dollars more than G. How much has A inyested? 

8. Six boys and fifteen men earn two hundred sixty-four 
dollars a week. If each man earns four times as much as 
each boy, how much do the six boys earn per week ? 

9. A farmer sold his com and wheat for $600; his 
com and oats for 1400; his wheat and oats for 1520. 
How much did he receiye for all his grain ? 

la I bought 2 carriages for 1 305. At the same prices, 
3 of the poorer ones would cost 1 15 more than 2 of ,the 
better ones. Find the cost of the better carriage. 
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11. There are three times as many pupils in one school 
as in another. If eighty pupils be transferred from the 
larger school to the smaller, the larger will still have twice 
as many as the other. How many pupils are there in both 
schools ? 

12. A man has three times as much money in the bank 
as he has in his safe. If he draws $175 from the bank 
and puts it into his safe, he will have the same amount 
in each place. How much has he in the bank ? 

13. The sum of the ages of mother and daughter is 60 
years, and the difference between their ages is three times 
the daughter's age. Find the mother's age. 

14. A harness cost one-third as much as a carriage, and 
a horse cost one and one-fourth times as much as harness 
and carriage. The horse cost forty-eight dollars more than 
the carriage. Find the cost of all. 

15. A father and two sons earn $ 111 a month, the two 
sons receiving the same wages. If the sons' wages were 
doubled, they would receive only $ 3 less than their father. 
How much does the father earn per month ? 

16. A man bought two horses at the same price. He 
sold one at a profit of $ 45 and the other at a loss of $ 115, 
receiving twice as much for one as for the other. How 
much did both horses cost ? 

17. A farmer bought 46 sheep and had $ 30 left. If 
he had bought 60 sheep at the same price, he would have 
needed fifteen dollars more to pay for them. How much 
money had he ? 

18. A man paid a bill of $ 11.10 in quarters, dimes, and 
5-cent pieces, giving three times as many dimes as 5-cent 
pieces, and twice as many quarters as dimes. How many 
coins did he give in payment ? 

To THB Tbacheb. — Teaoh 03 .... 99. 
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1. 4ay)12aW 
4. 2 6c»)166V. 
7. 3a?2/)18aY. 

10. 6caj»)16c*aj*. 

13. ^V)lSaV(?. 

16. 7 oc^ 14 aV. 

19. 4 a^) 16 ajy. 

22. 32^16ajyV. 

25. 2ac^l8aV. 

28. 5 aj2) 10 aa«c». 

31. 6xf)12o^, 

34. 7 6?) 21 aVc*. 

37. 4W»)20W. 

40. 3(P)27W»(I*. 

43. 2aa?)lSa^. 

46. 6 c») 25 a«6c». 

49. 6&a^366V. 

62. 7f)i2xyh?. 

65. 4005^ 20 aV. 

68. 3a6*)15a«6". 

61. 2xh/)14:ixf'y\ 

64. 5 6''c)166V. 

67. 6a"a!)36aV. 

70. 7c*aj)35d»i»'. 

To THB TbACHEB. 

monomial. 



DIVISION. 

2. 3a%)-15a*6«. 3. 

6. 5aj»y)-30aj*y*. 6. 

8. 4a*ic)-28aV. 9. 

11. 2^0) -186V. 12. 

14. 7x)-21a^a^, 16. 

17. 6aj»y)-^icy. 18. 

20. 3 a) -18 aWc«. 21. 

23. 5a*aj)— 26aV. 24. 

26. 46)-20a*6V. 27. 

29. 2c«d)-14c*dl 30. 

32. 7a)-28a*6V. 33. 

35. 6a?y)-'2^a^. 36. 

38. 3d)-27aVcP. 39. 

41. 5a«a;)-20aV. 42. 

44. 4y)-16a»j»y. 46. 

47. 2 a?y) --is a? f. 48. 

60. 7 z)- 21 0^2^. 61. 

63. 6aV)-24aV. 64. 

66. 36)-27a*6V. 67. 

69. 56*c)-356"cr 60. 

62. 4a"a;)-32aV. 63. 

65. 2a?y)— 24afy". 66. 

68. 76''c)-356V. 69. 

71. 6a^x)-'42a''af. 72. 
— Teach how to divide a 



-a6c) -6 a6«c>. 
— 05^)- 5aj*y2f*. 
— acx)— Tac^iB*. 
— toy)— 46'ir^. 
— aa?y)— 3aficy. 
-6ca;)-26»ca». 
— a5a?)— 6a6V. 
''Xyz)S7?y7?, 
— a6y)— 7a6V. 
— ofta?)— 4a*6a^. 

-6a5y)-3toV- 
— oca;)— 2a*caj'. 
— 05^)— 6a?y*«*. 
— ato)-8a'to». 
''axy)—7aa^. 

— ary«)— 3ajy*«*. 
-6ajy)-2ya^. 
— aca?)— 6ac*aj*. 
— 6caj)— 8 6*caf. 
— a6c)— 7a6"c*. 
— od)- 4a"6cc?'. 
— 6y)— 3a6"a?y". 
''Xy)^2aafcip, 
polynomial by a 
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Diyide : 

1. 6ac"-8a*c + 10a«c" — 4ac» by 2aa 

2. 8a?V + 4ajy-16aj^ + 4a?y by 4aj^. 

3. 6yc» + 10yc*-86»c"-26V by 26c^. 

4. 9aV-3a»6* + 16a&»-6a6» by Say. 
6. 8ajy + 4ajy-16a^ + 8a?V by 4a^. 

6. 6aV + 10aV-6a?^c» + 6aV by 6aV. 

7. 46V + 8yc*(l-166^c» + 126V by 4y'c>. 

8. 12aV + 3aV~6a2a^-llaV by aV. 

9. 10a^-5iB«y2» + 16a?V-20ajV by 6ajV. 

10. 18aV + 12a«6c»-24aV + 6aV by 6aV. 

11. 32ayc»-166Vd + 166V-86V by 8W. 

12. 14a6V + 286Vd-21W + 76Vby 76»<?. 

13. 126Vy-186«caj5 + 156V-66V by 36V. 

14. 15aV-10a«6c«d + 26aV-5aV by 6aV. 
16. 16ajy5 + 24a«V-20ajy + 4ajy by 4ajy. 

16. 36ajy + 18a^y*-246a^ + 6ajy by 6ajy. 

17. 186V(l + 21ay(f-156*'c + 66V by 36«(f. 

18. 18aV-24a«6caJ* + 15aV-9aV by 3aW. 

19. 25aWc + 20a*6*d-15aV-6aV by 5aW. 

20. 16 a^ftV - 24 a»6"d + 20 a*6« - 8 arV by 4 a«6. 

21. 14iBV-28aaJV« + 21ajy*'-7ajy by 7afy. 

22. 8a6"d" + 6 a*6*c« - 4 a*"6V + 2 a"6V by 2 a*6»c. 

1i^ ^oi^ — ^^^f" -^tZog^fT^ — ^Qg^^ by 3afy«. 

24. 66d"ar + 8y(f'aj«-46"*c**af»-2&*'c"*aj" by 26*cV. 

26. 4a'(f'af — 8 a?"c**af' + 4 a*(f'af~^ — 4 oca?""* by 4 a*c"a?. 

To Tff B 7^»Ar.«rr.i» _T^iii»nti ^^qw to dlYido d polyiiomial by a 
polynomiaL 
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Divide : 

1. aj» + aj — 30 by x + 6. 2. as* — 05 — 66 by « — 8. 

3. a* - a - 20 by a - 5. 4. 6* + 6 - 42 by 7 + 6. 

5. c" — c-72 by c-9. 6. ic' + aj-Se by x + S, 

7. 20 + aj'-9a? by a-4. 8. a* + 7a + 10 by 2 + a. 

9. 6«-46-21 by 3 + 6. 10. 6y + 3^-84 by y-7. 

11. aj» + 6aj — 16 by a — 2. 12. a*-7a-78 by 6 + a. 

13. aj» + 13a? + 36 by a? + 4. 14. c* + llc-12 by c-1. 

16. 14a + a«-72 by a-4. 16. a:*- 13 a? + 12 by aj-l. 

17. 6«-176-18 by 6 + 1. 18. c»-32c + 60 byc-2. 
19. 15a? + a? + B6 by 7 + a?. 20. a* + 16a" + 36 by a* + 3. 
21. y*-19y» + 48 by 3^-3. 22. 6«-156» + 66 by 6»-7. 
23. a« + 50a» + 96 by c^ + 2. 24. 3^ + 47 y«-48 by ^-L 

25. a* + oc* + a*c + c* by a + c. 

26. V + Vx + b3i?+a?hj b + x. 

27. 0? — ooB^ — a'a? + 05? by a — «. 

28. a* + <J* + aV by a* + c" + aa 

29. oc? — a6c — 6c* + 6" by oc — 6. 
— ^0. aj8 + 3aj^ — 3ajV — y" by oj — y. 

31. 0^ — y^ + a;* — 2aw by a + y — a. 

32. a* + 2aJ2/ — y" — a^ by a + aj — y. 

33. 32aj*~6aj + l by 8aj» + 2aj-l. 

34. 4a*-6a«~8a» + 24 by 2a-4. 
85. 46» + 4ay-3a*6-3a» by 6 + a. 
36. 16a* + 81a?*-72aW by'2a-3o3L 
87. 26aj*-8«-2aj"-.«» by 6«*-4afc 
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38. a» + lbya + l. 39. aj" + l by aj + 1. 

40. iB' + 8byaj + 2. 41. 8-iB'by2-a;. • 

42. a* — 6* by a — 6. 43. af + y^hjx + y. 

44. {ifi-{-fhjsi? + f. 45. 27-c«by3--c". 

46. aj* + 82^by aj + 2y. 47. a^-fhja^ — f. 

48. a^°4-a?^°bya* + aj*. 49. aP - y^ hj a? - y^. 

60. 64aj«-1252^by4aj-53(. 51. 8 a^ + 729 by 2a* 4- 9. 
62. 27a?-^S^fhj3x+7y. 63. 612a«-216 by 8a« - ( 

64. a* - 6ac - 9a» - c» by a" + C + 3a. 

65. aj* + 9y* + 2iBybyiB* + 3y"-2ajy. 

66. 6*4-16c* + 46Vby 6« + 4c* + 26c. 

67. Scx + 2ax + 10ac + 15(?hjx + 5c 
58. 20a&-12ac-56^ + 36cby4a-&., 
69. 6aj--9a^-l+4a?*by3aj + 2iB*-l. 
60 9y*+24 + 602/-672/'by^-6 + 2^. 

61. c* — aV + 2 a'c — a* by c' — ac + a*. 

62. 9-19a* + 2a*by2a«-a + 6a*-3. 

63. aj*-f 2^4-4aJ2/^+4aj^ 4-6ajVby oj + y. 

64. aj^ + 2^ + 6a^ + 6a*y by a5^ + ^ + 4ajy. 

65. 4a + 6a* + 3a2-4-lla«by3a'-4. 

66. y-2aj-62/' + 54aj'-3a^by2aj-y. 

67. a* + 6aV + aj* — 4aaj' — 4a'icby a — aj. 

68. a8-a2 4-a«-a* + 2a-lbya + a2-l. 

69. 27aa^-25a' + 20a*a;-18aj'by6a;-6a. 

70. a<*-3a«~l-6a*by -a-2a^ + a»-l. 
ri. 3a* + 56* + 3aV-8a%«-36Vbya«-y. 
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72. «» + 32by» + '2. 73. a» + 64by a + 4. 

74. a«-64bya*-4. 76. aj» - 32 by a? - 2. 

76. aj^-128byaj-2. 7X. aj» + 243 by aj + 3. 

78. 8aj?H-lby2aj + l. 79. 81a*- 1 by 3a + 1. 

80. 27aj^-lby3aj-l. 81. 81a?*-l by 3aj-l. 

82. a*-81a^bya-3a?. 8a. 81a?*-y* by 3aj + y. 

84. 2^7?-Ufhj^x+^y. 85. 64a?^ + 86»by4a + 2&. 

86. 366»-81c2by66-9c. 87. 81«*-16y* by 3aj + 2y. 

88. 27aj^H-82/«by3aj + 23^. 89. 16a*-64&« by 4a- 8&. 

90. 16a*-81&*by2a-3&. 91. 49 a«- 26 3/» by 7aj + 6 y. 

92. 4aj*-aj? + 27by4iB«-3a? + 9-6aj + 2af». 

93. a*-71a-36a*-3a«-21bya"-3-8a. 

94. 6aV-4ac»-4a?c + a*H-c* by c*-2acH-a*. 
96. a?* + 6j»yH-4aJ2/8 + 4aj«y-|-y*by3/» + a» + 2a:y. 

96. a^ — 4a?y* + ^ — 4a^H-6apy by »■ — 2iry + ^. 

97. xf — Ss^-\-xy'-2y^ + 2oas + 7yzhjX''y + 3z. 

98. 51a + 15a« - ia+ 6a? by 7a- 4a* + 2a«- 2. 

99. 6a1-2aH-23a*-31a«-48by3a* + 6-5a. 

100. ax-Sa?''Hy-\-^^ — f — 4txyhj2a + y + 3x. 

101. a* + 6 a'* -46a + 7a« + 2a* - 120 by 4a + a* + 6. 

102. 50m* - 32m + 16 + 15m* - 32m« by 5 + 3m* - 4m. 

103. -a&-12c*-66* + 2ac + 2a* + 176cby2a-4c + 36. 

105. 13aj + 4iB* + 6+<B*-6a'-2a^ by af + Sx + Ssf -{-1. 

106. a» + y* + 8iB»-6aa^by a« + 2/*+4ar*-2a^-2aa;-ay. 

107. 53ajy-492/'+2aj»-9ajV--7ajyby2aj«-73^-5a?y. 

To THx Teacheb. — Teach 102 ... . 109. 
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Determine what binomial or binomials, if 
each of the following expressions^ and give 
quotients in each case : 

1. aj^-y». 2. rf + 1. 



4. af + t/". 

7. aj»-y». 

10. af^ + ^. 

18. aJ^-3^. 
16. a? -27. 

19. aj^ + 64. 
22. 27-0^. 
25. 0^ + 32. 
28. a? -64. 
31. a^-125. 
34. a? + 216. 
87. 8aj^-27. 
40. a»-216. 

48. 343 -a^. 
46. aj^-612. 

49. 8 05" + 729. 
62. 729- 8 a« 
65. aj^ + 1000. 
68. 1000-0^. 
61. 8a5»-27y». 
64. 125ix? + Sf. 
67. 27a»-512a^. 
70. 612a^ + 272/». 
78. 64a»-343a^. 



3. 

6. a?^— 1. 6. 

8. a* + l. 9. 

11. SB» — 8. 12. 

14. 8 + aj^. 15. 

17. a? + f. 18. 

20. a«-&« 21. 

23. fl^ + 64. 24. 

26. a* + 81. 27. 

29. 27 a? + 1. 30. 

32. 216 -a«. 33. 

35. 8a«-27. 36. 

88. 0^ + 343. 39. 

41. 216 — a?. 42. 

44. a» + 343. 46. 

47. 612 + a^. 48. 

60. aj»-243. 61. 

63. 125 + a^. 64. 

66. a^-243. 67. 

69. 126 - 8 0^. 60. 

62. 80^ + 125. 63. 

66. 64a»-27. 66. 

68. 729 + 27 a^. 69. 

71. 16fl^-81y*. 72. 

74. 21605^ + 612. 76. 



any^ will divide 
the quotient or 

1 + a^. 
1+af. 
aj»-l. 
8 + a^. 

a^ + ix^. 
a» + a^. 

aj» + 64. 
«"-32. 
1-64 aj». 
af^ + 612. 
(t* + 626. 
a^-612. 
&M-126. 
216 -aj**. 
729-64a5». 
27a?-343. 
729a^ + 64. 
343-27 a«. 
81«*-256. 
16a* + 64«*. 
729 -612 aj". 
216 a?* -626. 
81a*-1000a 
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BXBBOISBS IN ALGBBRAIO BZPBBSSION. 

1. Write five times the square of a — x^ diminislied by 
the product of the binomials x^7 and a; — 9. 

2. If a represents an integer^ when does a + 1 represent 
an even number ? When does it represent an odd number ? 

8. Write an expression for the sum of five consecutive 
even numbers of which x is the middle one. 

4. If A can do a piece of work in 3 days and B can do 
it in 4 days^ what part of it can both do in x days ? 

6. If X represents the number of hundreds in a number^ 
y the number of tens^ and z the number of units^ what will 
represent the number ? 

6. Write an expression for the sum of four consecutive 
odd numbers of which x is the largest 

7. What is the interest on eight hundred foriy dollars 
for a months at x per cent per annum ? 

8. At n cents a square yard, how much will it cost to 
plaster the walls and ceiling of a room a feet long^ h feet 
wide^ and c feet high ? 

9. If 2 a; — 5 represents an odd number^ what will rep- 
resent the next smaller odd number ? 

10. What algebraic expression will represent the quo- 
tient of a number of three figures divided by three times 
the sum of its digits ? 

11. A room is x yards long, y feet wide, and a feet high. 
How many square yards of paper will cover the walls, 
allowing for 3 windows and 2 doors, each m feet long and 
n feet wide ? 

12. A man worked a weeks at h dollars a week, and his 
son worked c weeks at d dollars a week. They bought m 
tons of coal at n dollars a ton, and had y dollars left Write 
ihe equation expressing these conditions. 
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PBOBLBMS. 

1. A man gave $ 110 to five boys, giving to each one 
six dollars more tlian to the next younger. How much did 
the oldest boy receive ? 

2. Three boys sold three hundred fifty-two papers. 
Frank sold twice as many as John and twenty-eight more 
than Harry. How many did Harry sell ? 

3. A man is 32 years older than his son. 12 years ago 
he was 5 times as old as his son. Find the father's age. 

4. Three men invested $9600 in business. A put in 
$ 800 more than B, and C invested 9 400 less than A. How 
much did A and C together invest ? 

5. A farmer sold f ,of his potatoes, when he found that 
he had left 868 bushels less than he sold. Find the value 
of his whole crop at 65 cents a bushel. 

6. A, B, and C together earn $3450. A's salary is one- 
half of B's, and $ 450 less than C's. Find C's salary. 

7. A lady paid fifty-six dollars for a hat ond a dress. 
The difference in the cost was five times the cost of the hat- 
Find the cost of the dress. 

8. A man paid $195 for his carriage and harness; 
$315 for his horse and carriage; and $230 for his harness 
and horse. How much did he pay for all ? 

9. A, B, and C have seven thousand two hundred fifty 
dollars. has one-third as much as B, and B has $600 
less than A. How much have A and B ? 

10. A merchant bought two pieces of silk for $70. At 
the same prices, four pieces of the cheaper kind would cost 
$16 more than two pieces of the better kind Find the 
cost of the better piece. 
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11. Brown has one-iifth as many acres of land as Jones. 
K Jones sells Brown 140 acres, Jones will then have twice 
as many acres as Brown. How many acres have both ? 

12. A man paid $18,100 for two houses and a farm, 
paying the same sum for each house. If he had paid twice 
as much for each house, the two houses would have cost 
$ 4700 more than the farm. Find the cost of the farm. 

13. James has one-third as many marbles as Frank. If 
James wins 125 and Frank loses 60, James will then have 
seven more than Frank. How many have both ? 

14. I bought two pieces of land at the same price. I 
sold one piece at a profit of $ 1600, and the other at a loss 
of $ 600, receiving twice as much for one piece as for the 
other. . How much did each piece cost? 

15. Three men form a partnership to engage in business. 
A invests one-half as much as C, and B invests 2^ times as 
much as A and C. If B's investment exceeds C's by 
$15,000, what is the whole capital invested? 

16. A collection of $ 14.88 consisted of a certain number 
of quarters, twice as many dimes as quarters, 3 times as 
many 5-cent pieces as dimes, half as many 2-cent pieces as 
6-cent pieces, and as many pennies as all other coins. How 
many coins were there in the collection ? 

17. A lady bought silk at $3 a yard, and had $12 
left. If she had bought twice as many yards at two dollars 
a yard, she would have needed four dollars more to pay for 
it. How much did she pay for the silk ? 

18. A farmer sold 20 lambs and 50 sheep for $ 240. He 
received twice as much per head for the sheep as for the 
lambs. How much did he receive for the 60 sheep ? 

To THB Teaohbb.— Teach 110 .... 114. 
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FACTORING. 

GA8B I. 

1. 6ac — 35c — 3c. 2. a6y + ftcy — ftajy. 

8. 4a?y — 6aa? — SoR, 4. 2 a*a5 + 3 oaj — oa?. 
5. oVc — 450" — 6c». 6. 9a<? + 6a*c — oc. 
7. 4a»aj-.8aaj'-6aaj 8. ^ofy + ^xf^ — Zx. 

9. 8a«&-8a»c + 4a^. 10. 8aV-6ic» + 4jry. 
11. 963^ + 66^-3^- 12. 4a*c + 8ac*-4ac. 
13. 24a5»~12a?* + 6«y- 14. ^by^'-^Vy + 2Vt^. 
15. 6aV + 9aW-3aajV. 16. boff + Zofy — i^Th^. 
17. a*6V-a6»c« + 2a?6"c. 18. 3a?aj» + 2aW-a%jy. 
19. 96V-6a6c*-3a«6c». 20. oaY + 3a»a?y»-a*ajV. 
21. 8aV-4a«6c»d-4ac". 22. Vca? + 2V(?7?-ViXK?. 
23. 6c»(? + 9aV(P-3c»(P. 24. cfV(? -- 3 dbV - aVd". 

To THB Teaghbb.— Teach 116. 

1. oc + ad + 5c + 6d. 2. oc — oaj — ftc + ftos. 

3. ofic + ay + caj + cy. 4. 6c — 5 — cn + n. 

5. oaf — ay + c« — cy. 6. c» + a?y — cy — 3^. 

7. m + n + cm+cn. 8. rf — 2a* — 3a + 6. 

9. oc — a + 4c — 4. 10. m* + mn — m — n. 

11. 06- oc- 6c + c^. 12. a6 + 6c + a + c. 

13. a — aaj + 3 — 3a?. 14. oc-r-ay- ca5 — cy. 

15. c?-c" + c-l. 16. l+c-c»-c». 

17. ax + ay + dx + dy. 18. ax-^cx — a + c 

19. cf-a^c+acf-if. 20. 6» + 26«-5-2. 
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21. xy — x-^y^+y. 22. a? + xy + 3x + Sy. 

23. 1 — a + a*-rf. 24. ic» + 6a*-4aj-20. 

25. a* + ac + a6 + &c. 26. cm— my — en + ny. 

27. l-c+2c*-2<?. 28. a? + xy — x -- y. 

29. a? + a* + a + l- 30. a* — ay — aa5 + a?y. 

31. 2aj?-4aj + 3a»-6. 82. rf + a-a*cd-cd. 

33. a? + 4:a? + 2x + 8. 84. 3aaj-3ay-a + y. 

35. oc* — ocy + cy — y". 86. aaf — cucy — bx+by. 

37. 2a* + 3ac + 2a + 3c. 38. aaj-3c«-2ac + 6c». 

39. ado? + cd — ana? — en. 40. 2 oa? — te + 4 ay — 2 6y. 

41. c»+5c» + 2c + 10. 42. &»-7y-3& + 21. 

43. af — aff + a^-f. 44. &» + &c* - &*c - c». 

46. a* — a'a? — aas' + a^. 46. a*& + ac^ — a6m — An. 
To THB TsAOHBR.— Teach 116 ... . 120. 

Case II. 

1. aJ* + 2aV + 2^- 2. a? + 4tX + 4. 

3. a*-2a^ + a:*. 4. a*-2a + l. 

5. ai^-\-2a?y + y^. 6. c* + l+2c«. 

7. 4a* + 4a^-8aV. 8. 16-16c» + 4c«. 

9. 9a* + 9c" + 18ac. 10. l-4a + 4a*. 

11. 49a:* + 42a5y* + 9y*. 12. \aV — iac + ^. 

13. 4aV + 4a*a? + l. 14. 36 + 9m*-36m. 

15. 81a^-90aj»+26a:». 16. a* + 166" + 8a%. 

17. 9a^ + 166*-24a«&. 18. 20«» + 26a^ + 4aj». 
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19. 
21. 
23. 
25. 
27. 
29. 
31. 
33. 
35. 
37. 
39. 
41. 



64 a:*- 32 a? + 4. 
4 oJ* — 4 aj'y + 3/*. 
16a^ + a^-8aj». 
1 + 64m* + 16 m*. 

81c« + c* + 18c». 
m*-12m« + 36ml 

ia^ + ia^-i^". 
162/« + 162^ + 322^. 
l + 18a2a? + 81aV. 



20. 81a^ + 16-72aA 
22. 3V«* + 16«* + 2«^ 
24. 9a« + 6a + l' 
26. 100-40a + 4al 
28. 9a*6«-30a% + 26. 
30. 25aV-10aV + l. 
32. 49a^-98a« + 49. 
34. 121+4aV + 44ac. 
36. 49a* — 14ac + c*. 
38. 9m* + 4n*-12mn. 
40. 64c8-16c^ + c". 
42. 121&*-886 + 16. 



43. (a-\-xy + 2(a + x) + l. 

44. S(x + y) + (x + yy + 16. 

45. (a + c)*-16(a + c)+64. 

46. 9(a-6)*-i2c(a-6)+4c«. 



47. 
49. 
51. 
53. 
55. 
57. 
59. 
61. 



100 + 20 a6 + a*6*. 
81a* + 4aj* + 36a*aj. 
1 + 24 aa; + 144 aV. 

64 + 9aV + 48a*c. 

l_40a^ + 400aj8. 
4aj*-20a^ + 25y*. 
121 - 66m + 9m* 



48. 25aJ*-50ir" + 26a?. 

50. \m^-im^n^ + \n\ 

52. 100jB« + 16a^-80aj». 

54. 49 aj*- 70 0^ + 25 2/*. 

56. 121m* + 22m*H-l. 

58. 36a* + 256*-|-60a6. 

60. 25a* + 16c* + 40ac. 

62. 36a8 + 36a* + 72a«. 



63. (x — yy + 2ac(x — y)+aV. 

64. 25(a + aj)* — 10c(a+«) + c*. 

65. 9a*(a?-y)* + 48a*(aj-y) + 64. 
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66. (a + &)«~4(a + 6)+4. 

67. 6(»-y) + (aj-y)«+9. 

68. (a: + y)«-8(a? + y)H-16. 

69. (a + aj)« + 26H-10(a + aj). 

70. 12(aj + y) + 4(a? + y)« + 9. 

71. a*(6-c)«-8a(&-c)H-16. 

72. 9(aj-y)»-12»(a?-y)+4««. 

73. 4a*(a + 6)» + 16 + 16a»(aH-&). 

74. 9a*(a-c)«-12a6(a-c)+4y. 

75. 16a*(iP + y)2 + 9a'» + 24a«(aj + y). 

76. 9(2&-3ajy-12a(2&-3aj)+4a« 

77. (a + 6)2 + (c-d)«-2(a + 6)(c-d). 
To THS Teaches.— Teach 121 .... 123. 

Case HI. 

1. a* — c*. 2. a*— 1. 3. 1— c". 

4. a«-6«. 5. y-1. 6. 1-&1 

7. «* — ^. 8. 1 — i»*. 9. y* — 1. 

10. a«-6«. 11. a^-1. 12. l-2/«. 

13. aj»-2/8. 14. y-1. 15. l-aj«. 

16. m^ — nK 17. a^-2^. 18. a*-6«. 

19. 4a?- 4. 20. 9 — 4a*. 21. 9a*-4. 

22. 9a?-3^. 23. 4:a?-f. 24. a«-96^ 

25. 9^ — 16. 26. 25-9a:«. 27. 4a?-49. 

28. 4aj»-26. 29. 64-9aj«. 30. 96<'-81. 

81, 9itf*-4y*. 32. 4a«-6V. 33. xy-9««. 
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84. 9a^-^. 86. 4a^-l. 86. l-9a^. 

87. 4aj**~j^. 88. 9a** -1. 89. l-4«*». 

40. ^ah^-t^. 41. 16 -aV. 42. aJ**~26. 

43. a«&*-.c«d». 44. ajy-49. 46. 36 -aj**. 

46. aV'-Qiih^. 47. 9af*-^. 48. aJ*»-j^. 

49. 100a?* -^. 60. 4a* -VA 61. aj**-^. 

62. a*-144y. 63. aV-9«*. 64. a?--j^. 

66. dla^-9^. 66. 36a^-81. 67. af^-^. 

68. 49«*-4y». 69. 16«*-16. 60. a?"-j^. 

61. 16a^-16y*. 62. c«*-6266*. 63. 9a^-^. 

64. 266a!?-yV. 66. 81«*-162^. 66. ajV-16. 

To THB Tbachbb. — Teaoh 124. 

1- (« + y)*-4. 2. (a + 6)*-.(c + d)*. 

8. 9-(a + c)*. 4. (a + 6)*-(c-d)*. 

6. (x + yy-l. 6. (a-aj)»-(y + 4)«. 

7. i-(6-o)^ 8. (aj-y)«-(«-.3)« 

9. (6 + c)*-(P. 10. (a + c)*-(aj + l)>. 
11. o*-(6 + c)«. 12. (a + 6)»-(2c-d)l 
13. (a-aj)»-c». 14. (aj-2yy-(«-6)l 

16. &«-(a + c)l 16. (a-6)«-(3c + 4)l 

17. (a-l)*-(P. 18. (2a + aj)»-(y-2)«. 
19. (a + aj«)«-l. 20. (Sa + c/- (2a? + y)l 
21. l-(»» + y)». 22. (a-46)*-(c-7(f)l 
28. (a:«-3)»-2». 24. (2aj + 3y)«-(42 + 6)«. 
26. 6«-(a-c«)'. 26. (2-3ay- (46 +6c)«. 
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27. a* + 2a + l-&«. 28. a^-y^ + 2y-l. 

29. a:»-2aj + l-3/». 80. &«-2c-c«-l. 

31. a:*-y» + 4aj + 4. 82. a« + 6aj- a:*-9. 

33. a^+y* — 2xy-4u 34. 9 - jr^-y* -2ajy. 

35. 62 + 0^-^2 H-2&C. 86. a'~26c-&»-c». 

37. (a«-6«-c«)»-4&«c». 88. 6« - a»- c« + 2 ac. 

39. 4:a?f-(pi^ + f-^\ 40. a« + a«-c»-2aaj. 

41. a:»-3^-2aj + l-f 22/25-2*. 

42. a*-c* + 6* + 2a6-cP-2cd. 

43. a^-2ajy-2ac-iB«-3/» + c». 

44. a' + 6»-a«-/ + 2a6-2jcy. 

45. a' — c* — n'-f m* — 2am + 2cn. 

46. (a-6)(6«-c^-(6-c)(a*-y). 

47. 4(2a-36)*-9c*. 48. aj*+l -3^ + 2aj. 

49. 25a*- 9(3 &- 2c)*. 60. a«-2aj-aj«-l. 

61. c«-d«-2c-fl. 52. 6«-cP + 2d-l. 

63. aj«— 2»-6aj + 9. 64. aj«-2y-y*-l. 

65. a:»-4 + 2/« + 2a?y. 56. a» + 2a& + &'-l. 

57. a* + a^-l+2aaj«. 68. 1 -iB*-y"-2«y. 

59. m* + n*-H-2mn. 60. a2-6'-c*+26c. 

61. a» + y*-2*-2z* + 2aj2^-l. 

62. a*-2>'-4c* + 9-6a2 + 46c. 

63. a* — cP — y* — 2dy + c* + 2ac. 

64. a*4-c^-ic'-y*-2a*c + 2ajy*. 

65. 4a» + 9&'-9aj*+12a6-42/«-12ajy. 

66. (2a + 36)«-4c*-3c(2a + 36-2c). 
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67. a»-26-l-6l 68. a?-^y' + 2x + l. 

69. l-6»-c« + 26c. 70. jr^ + y*- 1 -2»y. 

71. i-.a*-y-2a6. 72. 2a6~a*-6« + l. 

73. a*-4V-4a+4 74. 9-9a*-6iry-y». 

75. 4a6-a« + l-4&». 76. a*-c* + 6«-2aW. 

77. a»+16c«-16 + 8ac. 78. 8ac-4a*-4c» + 4. 

79. a'-&» + 26-l-2ac + c». 

80. &*-c«+26«-2ccP + l-d^ 

81. a* + 4c»-9aj«-6aj-l + 4ac. 

82. 4a«-4y-c« + 4&c-4a + l. 

83. c*-6*-4aj«-6ac* + 4&a? + 9a^ 

To THE Teaohbb. —Teach 126 ... . 127. 

Case IV. 

1. a5^-3/». 2. a»-l. 3. 1~&». 

4. JB* — 3/*. 6. a* — 1. 6. 1 — &*. 

7. ic'-/. 8. a^-1. 9. 1-y. 

10. iB8-3/«. 11. a»-8. * 12. 8-&». 

13. a?-f, 14. a«-8. 16. 8-6». 

16. iB8-27. 17. a»-6». 18. 6«-c?. 

19. 27-0?. 20. a«-6«. 21. 6»~c". 

22. a^-64. 23. a»-64. 24. a%«-8. 

26. aj»-27. 26. a^-27. 27. 125-&». 

28. a^-125. 29. 27 -a». 30. 6»-216. 

31. i9?-y^. 32. 8a^-27. 33. 6^-125. 
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84. a»-«*. 36. jb"-1. 86. l-y». 

37. aj»~2/». 38. S-aj^. 39. 3/»-8. 

40. aj»-3/«. 41. a^- 3^. 42. 27-a^. 

43. So? -21. 44. 27rf-l. 45. a^-32. 

46. aj'-216. 47. 216 -a«. 48. l-64ic». 

49. 343— a^. 60. a»-343. 61. a^ — 216. 

62. aj»-612. 53. 512 -a^. 64. 343 -aj^. 

55. 8aj8-729. 66. aj"-243. 57. a«-612. 

58. a^-1000. 69. 126-8aj». 60. 729-64a5^. 

61. 8a^-1263/». 62. 64a^-729. 63. 27a«-343. 

64. 612a»-276«. 65. 216a^- 1252/«. 66.729^-612. 

To THB Tbaohsr.— Teach 128 ... . 190. 

Caab V. 

1. aj^ + y*. 2. a» + l. 3. 1 + A 

4. aj» + 3/». 5. 1 + af. 6. V + 1. 

7. aJ« + 2^. 8. of + 1. 9. l + 6« 

10. af + /. 11. l+a^ 12. 6' + 1. 

13. a? + f. 14. a? + 8. 16. 8 + 6^. 

16. aj? + 64. 17. a^ + 2/». 18. rf + aj". 

19. aj*-f 32. 20. 27 + a*. 21. &» + 64. 

22. a« + 216. 23. 343 + a». 24. aj^ + 612. 

25. 8aj8 + 729. 26. ai° + 243. 27. a" + 216. 

28. aj8 + 1000. 29. 8a« + 126. 30. 64a5» + 729. 

31. 125aj» + 82^. 32. 27aJ« + 729. 33. 343 + 27a«. 

84. 612aj» + 27/. 35. 216a»+ 1266«. 36. 729a5^ + 612. 

To THB Teacher. — Teach 131 ... . 188. 
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Case VI. 



1. a? + 7x+\2. 2. a?-6a? + 6. 

3. a:» + 7aj-18. 4. a»-2a-8. 

5. aj2 + 8aj + 16. 6. a* + 8a-9. 

7. a«-9a? + 20. 8. aj« + aj-30. 

9. a*4-«-132. 10. ic"-aj-66. 

11. a? + 13x + 36. 12. a« + a-42. 

13. a' + 17a+30. 14. a?^7x + 6. 

15. a*-14aH-48. 16. l + 6a?+6aj«. 

17. a« + llaj-12. 18. l-8aj-9A 

19. a^ + lla + 30. 20. a^-9aj* + 8. 

21. a«-13aj + 12. 22. a* -a* -20. 

23. a* -17a -18. 24. a^-6aj*-72. 

26. y«-13y + 36. 26. a?*-4iB*-21. 

27. aj«-4aj-320. 28. / + 53/»-84 
29. aj*-32aj + 60. 30. a* + 9ac + 8A 
31. a* + 16a* + 48. 32. l+6a-72a>. 
33. a^ + 14a^-72. 84. l-2a-48al 
35. afi-^-Ba?" 300. 86. l-8a + 12a*. 
37. a* 4- 15a* + 36. 38. l+7aj-18aj«. 
39. a*-19a» + 48. 40. a?+15x + 56. 
41. a^-16aj* + 48. 42. a* + 15a -16. 
43. a* + lla»-42. 44. »«-16a?-17. 
45. 0?*- 14a:* -32. 46. a* + 13a + 12. 
47. a«-15a» + 56. 48. a* -21 a? + 80. 
49. aj» + 23aj + 102. 60. iB* + 16iB-80. 
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61. a? + Bx-t. 62. aj" + aj — 12. 

63. a* — a? -132. 64. rf + a-90. 

65. a* + 2a~16. 66. jr^-aj — 66. 

67. 3/»-y-110. 68. &*-6-30. 

69. a:* + 8a?-48. 60. a? + a? — 72. 

61. a» + 4a-96. 62. l-9aj + 8a3^. 

63. a? + 170? + 16. 64. a*-ay-2y». 

65. 6> + 15& + 14. 66. ^•-lOy' + a 

67. a;»-28aj-29. 68. l + 7a + 12a*. 

69. a* + 12a~28. 70. 14aj« + 9aj + l. 

71. a»-lla? + 24. 72. l + 8a? + 12a3^. 

73. 3^ + 47y-48. 74. aj» + 26aj + 24. 

75. a»-19aj + 84 76. (^-10c»-ll. 

77. 6«-176 + 16. 78. 2^-14y» + 40. 

79. aj* + 13a? + 12. 80. aj" + 27 af^ + 72. 

81. a* + 19a-20. 82. 2^-15^2 + 44. 

83. aj« + 23a? — 24 84. a* + 22a* + 96. 

85. 6»-466-46. 86. 1 + 21 a? - 72 as^. 

87. a* + 16a* + 28. 88. aj« - 21 a? - 100. 

89. a^ + 50aj« + 96. 90. 3^-26y + 120. 

91. l + 3aj-180aj". 92. l + llaj + 18a». 

93. l + 12a-64a*. 94. aj* + 6 oa? - 16 a*. 

95. a^-36a» + 320. 96. l-19c»-20(J*. 

97. y*-143/»-147. 98. a«-32a» + 192. 

99. l-8a«-105a*. 100. a^ - 72 aj« + 512. 

101. a? + 37xy-\-36y^. 102. l-35a + 300a». 
To THB TsAOHBB.— Teach 131. 
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1. 8«* + «-9. 2. 7«*-aj — 6. 

3. 3«*-aj-2. 4. 6iB"-a:-7. 

6. 6«*— « — 2. 6. 4iB" + « — 5. 

7. 6«*-aj-5. 8. 7iB"-aj-8. 
9. 8a» + 6a-9. 10. 5a;*-8aj + 3. 

11. 6iB" + 2aj-4. 12. 6a»-2a-8. 

13. 6iB" + 7aj + 2. 14. 2aj* + 6» + 3. 

16. 3iB" + 6« + 3. 16. 3a^ + 7»-6. 

17. 4iB" + 3a:-10. 18. 8a;'-6«-35. 
19. 6aj» + 17aj + 12. 20. 8a» + aaj-9aj». 
21. 8iB» + 46aj-18. 22. 16y-196-8. 
23. 12iB» + 19a: + 7. 24. 48a»-46a--9. 
25. 20&«-4&-16. 26. 10a;«-23»-6. 
27. 9a»-32a-16. 28. 6a;" + 69a; -10. 
29. 4iB» + 8ajy + 3y». 30. lOy-896-9. 
31. 12c«-.17c-14. 82. 18 a" + 00?-. 4a?. 
33. 12y" + 31y-15. 34. 12ai« + 13a-14 
35. 14 a;" + 46 a? -14. 36. 12a«-lla-36. 
37. 9a" + 18a6+8&". 38. 10 a? + 19 a; - 15. 
39. 9a" + 8aa;-20a?. 40. 8a"-34ac-9c". 
41. 9a?-31a^ + 12y". 42. 166"-4&c-4c". 
43. 6a" + 63ac-22(?. 44. 8 a" + 63 oa; - 21 a;". 
45. 8a"-97aa; + l2a;". 46. 60ai" + 35a^-4y". 
47. 15a;"-22a^-9y". 48. 86" -376c -16c". 
49. 86"-496a;-49a?. 50. 12 a" + 23 oa; - 9 a;". 
51. 10ai"-29a^ + 10y'. 52. 6 a;" - 23 a^ + 21 y". 

To THB Tbaohbk.— Teach 136 ... . 138. 
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Case 

1. 9cr*-.16a» + l. 
3. a^ + 2xy + 9t/'. 
5. 4a*-63aW + a^. 
7. 9a?* + 8icy + 163^. 
9. 49a?-50a?y + y*. 
11. 26a*-34aW + 9a^. 
13. 49a:8-68a^ + 9y». 
15. 16a*-41aV+25(^. 
17. 121a?* + 7icy + 163^. 
19. 16«*-65aj*i^ + 49y*. 
21. 25as*-61a:y + 36y*. 
23. 49m* + 31mW + 64n*. 



VIL 

2. 4a*-13a« + l. 

4. 4a*-5a26« + 6*. 

6. 96* + 36V + 4(^. 

8. a*-26aV + 25d*. 

10. 36aJ« + lliry + y*. 

12. 81a*-46aV + 4<?*. 

14. 9a^-62icy + 64y*. 

16. 36a* + 36aW + 25a^. 

18. 256*-89Mx* + 64a?*. 

20. 81a? + 41a?y + 25y«. 

22. 36a?~85aY + 493^. 

24. 64a? + 87a?y + 49y». 



BBVIBW OF FAGTOBINO. 



1. a* + ac + ay + q/. 
3. a' — m* + c« + »ftc. 

6. Sao; — 3a^ — 2ca; + 2c^. 

7. aj^y-26a:Y + 24a^. 

9. (a-c)«-10(a-c)+25. 
11. 25aJ*-|-66icy+81y*. 
13. 3/»-193f*2 + 842«. 

16. (a + by + 2c(a + b)+<?. 

17. a* — aV-aV + c*a;». 
19. 36a* + 116aW + 121a?*. 
21, a^ + no; + ^ + n. 



2. a^ — oj. 

4. 20aj»-8aj-9. 

6. 5a<J*4-5ac 

8. aJ»-2?*-2xV + 2^. 

10. aJ»-81. 

12. c + y + caj + ay. 

14. a^ + y^. 

16. a^' + y' — 2'-2a^. 

18. 6a» + lla-72. 

20. a?y + xy. 

22. 8c* + 31c-4 



23. a5" — y" — n* — 2wy 4-m'+29naj. 
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24. 49a^ + 59ajy + 100y*. 26. a«-16. 
26. «*y"-iB"-42/* + 4. 27. a^ + 4aj»-32. 

28. a?*-33«*y + 272y«. 29. a«-(? + 4 + 4a. 

30. 64a?* + 44iBy + 25y*. 31. <^-b^-2db-a\ 
32. (a — 6)'+(a-6) — 2. 33. ic* — oo; - ca? + oa 
34. a6*-4a + 26«-8. 35. aj-8a^. 

36. Oa^ + SOajy-Oy*. 37. a^^ + y^^ 

38. a?*-10ajy + 24y8. 39. 27«8-l. 

40. (a* + 5a)« + 12(a« + 5a)+36. 

41. a;»-fi^-2a; — y* + l + 2y2. 

42. (?-f-cP + 2dy-2cx + a?. 

43. a*-n'-m* + 2a6 + 6'-2mn. 

44. oaj — 6a; + ay — 6y + «* + 2/*+2ajy. 
45. 81 aj*- 184 0^2/* + 100 y*. 46. 7aV + 7aV. 
47. 62_^_io6 + 25. 48. 12a^-37aj-10. 
49. a^ — a^ — a? + y. 50. 5 a* — 5. 

51. a^-afy-^xy^ + f. 52. 2c-(? + &»-l. 

53. m + S — m«--5m'. 54. aj* + 12 a^V — 64 ^. 

55. dc + cx — ax^a?. 56. 2y^ + 16y. 

57. 121aj* + 112a^2 + 64y*. 58. 20a^ + 21a?--54. 
59. ah — ofu-fz + uf. 60. l+243a^®. 

61. (a»-3a;)«~2(a^-3aj)-8. 

62. (a»-2a;)«+6(a'^-2a:)+9. 

63. 2a^4-c' + (P — aj^ — 2cd--y". 

64. c*~w^ + aj"-26n~6« + 2caj. 

66. 2aaj + 36a? + caj + 2a3^ + 36y + cy. 
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66. ofy, + 23aY + 120xy\ 87. 2o»-2a. 

68. oi^-lTx'y' + iey*. 69. 6«»-40a!'. 

70. a* + 5a-ac — 5c 71. jr + as". 

72. 2a«6 + a6»-6». 73. 12a«-o-U. 

74. 3a'-2o''c-3a<!' + 2<!». 75. 12a»-276». 

76. (a:«-2a;)»-2(a^-2«)-a 77. l-y»-2a: + a^. 

78. 12 a' -25 ax -22 a?. 79. 18a!»-32j^. 

80. 2m + mn-2-n. 81. 40oa>« + 6aa!. 

82. 4ar'-46aY + 8iy. 83. l-13y» + 36y«. 

84. o* + 6-2o6-a + 6*. 

86. x' + 2xy + 2^ + ^x + 4y. 
88. 8(a»-2a!) + (o»-2aj)» + 16. 

87. («'-4a;)»-10(««-4a!) + 25. 
88. m* — 1 — n* + 2n. 89. a* — 64 
90. 25aJ*-26a!y + y. »i. ^ + 32^.. 

92. o6a!«+(o» + 6«)a!jr+a6y». 93. 9y' + 70y-16. 

94. (a!+y)«_(a, + y)_12. 96. c» + 8c' + 16<?. 

96. 121 a!« + 98 ajy + 81 y«. 97. aj"y + a^" 

98. o* — m* + on — mn. 99. 26 — 6' — l + o*. 

100, a«!B-(a«-6«)y-WK. 101. 64a^-126. 

102. aba^-xt/ia^+b^+dby'. 103. a»-6a»-36o. 

104. o6c» + o6d»+(o»+6»)ai 106. a« - a»c + oc» -«♦. 

106. aca? — dbx — bcx + bl*. 107. «• — 36a!»-36. 

108. c^+4c — l + 6»-2a5-4c". 

109. m»-6*-4cm-9«* + 66*» + 4c». 

110. 2aa!-36a!-4ca!-2ay+»6y + 4cy. 
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111. 16aJ*-26icy + 9y*. 112. a^ + a. 

113. 9iB"-52a^-12y'. 114. 14c* -47c -7. 

115. (a-&)»-12(a-.&)+36. 116. m^-625. 
117. 49a*-53aW + 4a?*. 118. a^-c'-a-c 

119. a^ + 49ajy + 48^. ,120. 27aj^ + aj^. 

121. oaj — ay + naj — wy. 122. 15a* + 2a — 46. 

123. a*-23aV + 112c*. 124. 27aj»-1331. 

126. 81a?*-214icy + 121y*. 126. 3 a;" + 11 a; - 20. 

127. 3a + 3& + a* + 2d64-&*. 

128. aas + cy^x — ay — cx + y. 

129. {a?-3xyy-Sy(a?-'3xy)-4&y'. 

130. 4a*-.9cP + 126d-12a«-46« + 9. 

131. (ic* + 4ajy)»-24y(a^ + 4a^) + 144y*. 
132. a"-y-2a + l. 133. afhf + xi^. 

134. a + m + a' — m*. 135. a^® — c*.^ 

136. aV + 15a*c*-16aV. 137. 64a"& + 2a6«. 

138. 6a»-4a'-9a + 6. 139. c-26c« + 24c". 

140. (a-c)*4-(a--c)-6. 141. iOBaff-Bxy. 

142. 2caj-iB"-.c* + l. 143. 8a»--95a-12. 

144. 100a*-206aV + 81c*. 145. 125a^«& + a&*. 
146. a? + 62 a?*- 128 aj^ 147. m»-64nl 

148. a»-2a6 + &'-ac+6c. 

149. a^-.2aj»(2aj-l) + (2aj-l)«. 
160. (a?*-5aj«)» + 8(a?*-5a*) + 16. 
151. (a?*-10aj«)» + 18(aJ*-10a^ + 81. 
162. 2a«-2ac»~3a*6 + 36c^-a' + c". 
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158. (2aj-l)«-(3aj + l)*. 154. cf-if + if^A 
155. m«-19m»-216. 156. 5a-80a». 

157. (2a + 3)«-(3a-4)«. 168. iB«-^-4aj + 4y. 

159. (2a + 3a:)*-(3a-4aj)«. 160. 2s^ — 2xy^. 
161. 6* + 6« + &« + 6. 162. 1000 0?- 1331 3/». 
168. (6« + 2y)«-(4aj-3y)*. 164. a«-6*-2a + 2&. 
165. (7a-3c)»-(2a + c)«. 166. am-an + m"-n«. 
167. \a^ + ia* + ^a\ 168. 4a» + 9&* + 12o&. 

169. 5a'-8a6+3&"-5a + 36. 

170. (a + aj)*-l-2aj(a + aj-l). 

171. 3aj" + 6ajy + 3y*-3a»-3yaf. 

172. (a?-2xyy + 2f(a?^2xy)+^. 
178. 26 + 4a«-46» + 12&c-9c»-20a. 

174. (8a + 6«)«-(3a-2aj)«. 175. 48a?y-1875«y*. 
176. aj^-43jB' + 42a?. 177. m« + m»-72. 

178. 3c^-c^ + 3c-l. 179. aj"-^«». 

180. (9a+36)»-(2a-56)«. 181. SalV + 27a?y^. 
182. 9a^-10ajy + y". 188. 16a»-64y«. 

184. (aj-6)»-(aj + y-6)*. 186. 32a"-2aj^. 
186. l-a + a*-a». 187. Baff — Bof^. 

188. (aj+y-«)"-(«-y-»)'. 189. ia^ + ^-^a. 

190. aaj + 6y — ^ — ay — 6aj + aj". 

191. a'-6«-c* + 26c + a + 6-a 

192. a?^j^'-x{af''y^+y(x-yy. 

193. (a-c)((?-a^-(c-«)(a»-c^. 

194. a*-2a*(3ac-2c«)+(3ac-2c*)* 
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196. 16a^-97a5y + 81^. 

197. (x + yy + 1. 
199. a^-19aW + 886". 
201. l + {a + h)\ 
203. (aj-y)«-l. 
205. 4a^-9y*+12a^-4a^. 
207. 9a;*-4y«-3a» + 23^. 
209. 49a*-66aW + 16a?*. 
211. iB^-19a:Y + 483/». 
213. a» + a + 3«-9a^. 

216. a* + a»-36-2a». 

217. 36aJ*-37ajy + y*- 
219. (a + a?)» + (2a-a?)». 
221. 8a6-46« + 4-.4a'. 

228. l-aj»-y"-2a^. 

226. (2aj-y)»-(aj-.y)». 

227. a*c + 65a?c» + 64ac'. 

229. 25&*-46W + 4(J*. 
281. 4aV-(a« + aj»-2/«)*. 
288. ct*--2a*-ha»-4a + 4. 

286. a? — 0? — 3aaj(a--a?). 

287. Zab(a + h)+a? + h\ 
239. a*" + &*"-2a-6*. 
241. aj*»-aJ-^"-63^. 

248. 4a?«" + lla;V"+93^- 
246. 4a*' + 19a"6"-5&*'. 

To TBB Tbaohbr. —Teach 139 



196. iB*-80a^-81. 

198. a^ + iB«. 

200. 81a*&-375a6'. 

202. 729 + 1000 a». 

204. l-(a-6)». 

206. aJ* + a^ + l. 

208. 8a«-&^. 

210. (a + aj)*-l. 

212. l-(a-6)*. 

214. af-o?. 

216. 1029 a»c- 3 (^. 

218. 729a^ + 125yV. 

220. 343a?-64y". 

222. 486a^ + 2a;. 

224. 48 m*- 1875 n*. 

226. c»-7c'-8c8. 

228. 8a«-(a-a:/. 

230. 8(a + c)» + a?. 

232. a^b + abl 

234. 162a%-512a6«. 

236. a?*-4-2aj» + aj«. 

288. a*-iB"-2a-2a 

240. 16 a*" -81 6**. 

242. 8 a*' -27 ft*-. 

244. 729 a«" + 1000 &*•. 

246. a** — ic*' — a* — of. 



. 143. 
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HIGHEST COMMON DIVISOR. 

Find the highest common divisor of the following: 

1. 4a»y, 6a*&c, 2a*b% Sa%\ and lOa^V. 

2. 9ficy, exf/*z, 12 a^, Sa^, and IBah^. 

3. 8aV, 4a«2KJ*, 16a*6V, 12aV, and 20a%V. 

4. 3aVc8, 3ayc», 4a«6V, 5aWc*, and Ta^Vd. 

5. lOah/V, Bodh^, Wdh/sf, Ba?j^, and 25aV%. 

6. 12aVa?, 6a^I/^, 18a*&V, 24a5V, and 42a«&aA 

7. SBa'^bV, 49a%y 426«icy, 77 aV, a^d 63a6y. 

8. 44aVa^, 77a*yV, 666»cW, 88aV^ and 99ajV^. 

9. 72aVa?, 63a&V, BAaVahf, A^BVgx?, and 27a»yA 

10. 490^2", 21ajV«*, 35a<A»y, 56a?»3^, and 42-a;y2;». 

11. 35a«yc», 40a»&V, 30a«aj»y%, 45WBy, and 21aW(j««. 

12. a? + y, «* — Jf*, and a? + ^. 

13. ac + od — 6c — 6d and a* — 6*. 

14. aj»-6« + 9 and «*--7« + 12. 
16. a?-4, aj» + 6« + 8, and a^ + 8. 

16. a^-4aj-5 and 3a?-llaj-20. 

17. a? + 2«-15, ««-27, and a^-6a + 9. 

18. 600^ — 600;^ 2 ado; — 2a6^ and 2aa; — 2a. 

19. 18aaj*-2a, 54aaj» + 2a, and ISoaj + Go. 

20. 12«"-18aj, 48aj»-108a:, and 24a^-81a?. 

21. 49a«-16, 16-56a + 49a^ and 63a*- 36a. 

22. 2a6 + 2a^-3&B-3fl^ and 9ai'-12aa; + 4a'. 
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26. aaj* + aaJ* — aaj^ — 005* and a?V — 3irV — 2ajy. 

27. 3a?V-a^-2iBVand3a^ + 5iB? + 2aj» + 3a: + 2. 

28. 3aJ«-5a5* + 7aj'-3a;-2 and 6ic« + 5aj»-8aj-3. 

29. 2aj*-.3aj«-3a?-3a?-5 and 6aj» — 17aj* + a; + 10. 

30. 3a*. + 6a»aj + 6a*a^ + 3aaj«-Ga;^ and a«-2aaj« + ic«. 
81. 2af - 7a^ + 23?* + 2a?* + 30^ and aj«-2a^-4aj« + 3aj*. 

32. 4a?* — 2iB»-4aj«-4aj-2 and 15 a?* - 15 aj"- 30 a? -15. 

33. aJ*-ajV-3aY + «2^ + 2^ and aj«-3xV + 3ajy*-22/8. 

34. 2aj' + a?*y + «y — «y*4-3/^ and 3aj« + 3aV + 2ajy* + 2^. 
36. a^+2a«a;+2aV+2aV4-2a»a;*+aV and 2a*-a»a?-3aV. 

To THB Teacher.— Teach 149 ... . 164. 

LOWEST COMMON MULTIPLE. 
Find the lowest common multiple of the following : 

1. 2a6c, &ab\ ZaV)% 4:dt^, and a%c 

2. 3a^f 2xi^f 6a^2*, 9ajy, and a?y%. 
8. 3a?caj, 46caj, ^a^cjfj 2h% and ac^aj, 
4. 46ca?, 3cajy, 86*«^, 26V, and hex. 
6. 4t(ib7?y 2Vxy, 5a^a?y, 4aa^, and 6a^. 

6. Sac^a;, 2acXf Sa^c^x, Gc^y*, and oajj^. 

7. 66cW, 4c*a;V> ^c*^? 16 6*a?, and 6c»y. 

8. 26c«aj«, 46c8a;*, letf^co^, 6aj*, and odc^a^ 

9. 5ca?f, 3caj«2/», 2 6«aJ2^, 6 6V, and bcxy. 

10. 2a%*c, 5aWc, 8a«6c*, 4a*6*, and abed. 

11. 4ayc*, 26c*aj, 8a6V, 703?*, and a^ft^cas. 
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12. a?-l and a?-!. 

13. 1 - aj" and 1 + a:^. 

14. a^^a? and a* + aa, 
16. iB"-l and aj»~3aj-4 

16. 4a»- 46* and 6a -66. 

17. 6(a?*-y*) and 2(aj» + 2/»). 

18. ic*-10aj + 16 and ic«-8. 

19. 05* — y" and 05" — 2ajy4-y*. 

20. a? + 2xy + y^ and ic* — y". 

21. a? + l, iB"-l, and a?*-l. 

22. ^ + Xy m? — 1, and a^ + 1. 

23. aj»-16 and a^ + 14aj + 40. 

24. 2a(a«-c*) and 3c (a- c)*. 
26. 6 + 2a?, a?-9, and 27+aj». 

26. a^-a;-20 and iB" + a:-12. 

27. a' — 2a4-l and a* — 5a + 4 

28. a* + 5a + 6 and a* + 6a + 8. 

29. oj" — 6aj-16 and 05"-lla; + 24. 

30. 4aj»-16, 6a?-12, and 8a^-64. 

81. iB" + 8aaj-hl6a* and aj*-5aa?-24a*. 

32. oaj — 4a + 6aj — 46 and a* — 3a6 — 46\ 

33. 2a» + 2a6, 3a6-36*, and 4a»c-46»c. 
84. a^-16, iB"-8aj + 16, and aj* + 8a; + 16. 
35. 2a? -2, 4aj-4, 8 a; + 8, and 12 a? + 12. 

86. aj» — 2a? + 4a? — 8 and a? + 2a? — 4a; — 8. 

87. a^ + x^- aw/* — y^ and a? — »*y + a?^ — j/*. 
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38. 05^ + 4 — 605 and 3--4aj-f-a5*. 

39. 12-7« + a;* and aj' + a?-20. 

40. c» + 4c + 4, c»-4, and (J*-16. 

41. a* + 2a«, a«-.4a + 4, and a«-4. 

42. l-2aj + aj2, l + 2a: + a?, and aj»-l. 

43. 2a(a;'4-^, 3c(aj4-y), and ac(x^y). 

44. aJ* + 4a^ + 4, 4--4a^ + aj*, and a?*-4. 

45. ^cPicf-x)y 3a'(a» + a?), and 2a*(a* + a^. 

46. aj" + 2aj + l, 9-6a; + a^, and iB«-2aj-3. 

47. a^-4, a*-a-6, and a^- 3a* -4a + 12. 

48. iB« + 2aj-15, a^-9a: + 18, and a^--a?-30. 

49. (a — 6) (a — c), (a — c) (& — c), and (a — 6) (6 — c). 
60. a(a + 6)(& + c), &(a + c)(6 + c), and c(a + &)(a + c). 

To THE Teachbs. — Teach 156. 

Find the lowest common multiple of the following: 

1. aj» + 3«* + 4aj + 2 and 2a5» + aj» + l. 

2. 2a*-2a«--2a-2 and a*--2a» + a. 
8. a^ — 4a?' + 66a? — 15 and a;' — 15a5 + 4. 
4. 6aj» + 10a? + 8a; + 4 and 6aj«--2iB"-.4. 
6. a?*-lla* + 25 and aj*-a!8-6aj» + a; + 5. 

6. 6iB" — a!*-7a:-2 and eo' + Sa^- 5a;-2. 

7. 2a!8-6a;»-20aj + 9 and 2aj» + aj»--43aj-9. 

8. 2a!' + 5aj* — 8a; — 15 and 4aj« — 4iB«-9aj + 5. 

9. a?-l0a" + 33a?-^S6 and a»-2a?-23« + 60. 

10. 6a?-8a"-17a-6 and 12««-a«-21aj-10. 

11. 3a? + 17»"-44aj-28 and 6ar^-5a;*-33aj + 28. 

To THB Tbaohss.— Teach 166 ... . 174. 
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FRACTIONS. 
Beduce the following fractions to their lowest terms: 



4a%»c 
' 8a%«c* 

. ZaiVc 

_ 6cn*e 
' 8aWc' 

10. «^^. 
90*6^ 

4a»6»c 
16. 3"*^ 

19. 3^!5. 
90*60* 

22. 2£^. 
6o«6*c 

26. 8^. 

2a'c!B* 

28. ««^. 

90*6*0 
■ 6a'6»o* 

84. 8«^. 
6o»cft8 

-_ 4rf6c*, 



8 
11 

• 

14 
17 
20 
28 
26 
29 
32 
35 
88 



21Wajy' 
185Vy» 

32afyV 
24 Vajy* 

23ayy« 

ssygy 

35a?yV 
42 bh^' 

34s^yV 
17 »V^* 

256^gy 

21a'a?V 
42xh/V 

46a%V 
23 Va?/ 

24: Va^' 
54Vxh/* 

B8Va^' 



3ofbh?y 

g 80%'igy' 
4aMcy' 

^ 4&Vy«g 

2a»ya^ 
3VxyV 

4a«ya?y' 
2(}?l^shi 

18. ^^'^ , 
962a?*2/2J» 

6ba?yV 

4a*ba?t^ 
Tba^z"' 

3aVa?/ 

6a^b^a?y 
8a«6Vy' 

9 6»«V2»* 
4afhhhf 



12. 



15. 



21. 



24. 



27. 



80. 



83. 



86. 



89. 



84 





41. 


a»-2a+l 


-^• 


43. 


1-a? 


a'-2o + l 


-^ 


45. 


o»-l 


a» + 2o+l 


46. '^-^. 


47. 


a?-l 


a?-3x + 2 


48. '^'-l. 


49. 


o»-4 


a» + 3o + 2 


Rn '^-^^ 


61. 

t 


<r«-a 


''"• .»-/ 


a'-2a + l 




53. 


3a?-3 


as' + y* 


56. 


Sa^ + Sx 
a? + ix + i 


-. ai»-2/» 


57. 


a*-ft* 




<^-2a& + 6^ 


.„ a!»-»« 


59. 


a* -a? 


(«> + »)' 


a? + 2ax + a? 


60. '^ + »'. 


61. 


a? — oaf 


a*-2ax + a? 


62. (2±y^. 


63. 


^-V" 


a?-2xy + f 


64. («' + J')V 


66. 


a^+.V* . 


3? + 2xy+^ 


66. (''-y)'. 


67. 


a? — a*x 


c^ + 2ax + a? 
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68. ^. 69. !'+/-V 

^0. ^- n. g^4^ 

a^ + l sB'-Sas + e 

72. ?^^. 78. »' + ^'' + ^ . 
!B»-1 a!»-3»-4 

WA a^ + 1 -. o'-16 
a? + l o»-2o-8 

76 ^-^ 77 a^ + 3g + 2 
o^ — a^ ' af + 6x + 6 

■ o»-«« a!'+4a! + 3 

80. ?^. 81. 4±|^. 

2a!« gg ai'-Saj + e 



88. 



90. 



6a?-2x ' af + x-12 

84. 2« + ^ 86. _^n6£_. 

3o» + 3a iB»-4»-6 

a!» + 27 



86. „"* ." ■ 87 



6o'-6a ' a?-2x-15 

2a; + 3 -» 3a?y-9a^ 

8a!» + 27 ' ai'-Sas + lS 

-g« — 4y* g. o!e' + 64aa; 

(aj-2y)» * «'-4a! + 16* 

3o' + 3aa> * as' + Sx-ZO 

4fl? + 6aa5 ' rf — 4a — 12 
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cf + a „ a* + a-12 

2b+2ab ' 2a* + 3a-20 

98. «'-^ • 99. «'-«-^Q . 

2ax + 2x 2a' — 7a-15 

100. 3a^-6^ 101. 6«^-5«-6 



2a!y-4y 8a!*-2ir-15 

102. 3aV + 3. ,^,3 «' + 2»^24. 
4aW-4 a!f»-12!c + 32 

104. g°;-^«^.. 106. <'-3«-28. 



90*6 -66» o*-llo + 28 

108 6«' + 8«'» 109 ^-^m-lB 
36» + 6o6» a!' + 10a! + 21 

110 2<^ + 2a»& ,„ 2d' + a-16 
""• 66» + 6o6*' * 2o»-19o + 35 

2a!» + 6a!V ,„ 3a* + 23o-36 
"'•• 9y* + 3a^* * 4o» + 33o-27 

114 o*-»* iig 6a!' + a;-15 
7o» + 7aV! ' 6a!»-lla!-36 

ii« C'^ + gy* 117 6a«-llo-10 
^*®* 3y* + 3a^' 6o»-19a + 10 

ii« 6a^ + 12a^ ll» a*-8a + 15 
leas' + 2a!** * 2o»-13a + 21 

,„„ 4ajV-4afy 2»' + 17a? + 21 

""• 2^-27?y ' 3ai» + 26» + 36 

122 '^ + '^ 128, 8a!» + 27»« 
3a!'y + 3a;V 9^ + 12ay + 4a!« 

To IBB Tbaohbb. — Teaohl76. 
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Beduce these fractions to entire or mixed quantities : 

1. -«L. 

. 3a? 

4, • 

x-y 
a — x 



10. 



13. 



16. 



19. 



a-1 



2. 


a!« + l 


05 + 1 


K 


a?-! 




a-1 


8. 


a!»-l 


x + 1 


11. 


a? + l 


x-1 


14 


a' + l 




a + 1 


17. 


a?-i 


x-2 


20 


o»-4 




a + 2 


23 


a!» + 4 




x-2 


26 


a?+i 




x+2 


29 


a?-8 




x-2 


32. 


a»-8 


a + 2 


35. 


a? + 8 


x-2 


Stft 


o» + 8 



a — x 
a + x 

9? + l 
X 

a*-l 
a* 

x-1 

22. t^. 
a + 1 

26. ^Ill 26. il^::^. 27. 

X — 1 

o + l 35 — 2 a + x 

^±1- 32. ^:::|. ss. ?L±J(1 



3. 


a»4-a^ 


a + x 


6. 


^ + y' 


x-y 


Q 


a*- a? 




a — x 


12. 


<^-^. 


x + y 


15 


^-t 




x-y 


18. 


a* -a? 


a + x 


21. 


a* + y^ 




x-y 



a* + a!* 


o + 


■X 


o»- 


■a? 


o- 


■X 


a?- 


■a? 



31. =-!-f- 32. ^i^-^' 33. 

X — 1 



x — y 



84. «^. 35. ^±8. 36. ^±£ 



a + x 



87. *!±i 88. «1±|. 89. ^L±i(!. 

» — 1 a + 2 a^— y 
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^^ 15a' + 5a-l ^^ a*+3a~10 

2x x — S 

^^ 9a» + 16o-4 .^ a!*-5a!-ll 

44. • 40. • 

3a x + o 

.^ 6a^~18aj-2 .^ a'-9a-10 

4b. ^ • 4i. • 

6aj a + 1 

.^ 16a«4-8a-3 .^ g»-5a;-12 

48. . 49. • 

4a aj — 3 

^^ 4aJ*-16aj4-7 .- a« 4-8a + 15 

50, • 01. • 

2x a + o 

_ 18a« + 6a-3 ^o g' + 9a?-20 

52. . OtS. • 

3a aj4-4: 

^^ 24aj'-6y-6 .. a»~6a-27 
54. ^ . 55. -_- . 

6aj a + 3 

.^ 4a» + 20 a4-2 .- 4g'~3a?4-2 

56. • 07. • 

4a aj4-2 

g3 5a^~15y^4 , g, ^^'-9^ + 9 ^ 

6aj a — 3 

^^ 35a*4-7a-3 ^, 6g»-9a?~ 8 

60. • ol. . ' 

la « — 4 

4a« + 7a~2 
a + 2 '. 

8a?'4-2a?~9 
4aj-3 

6a'4-9a + 6 
2a + 6 



62. 


Zx 


'• 




63. 


64. 


2a» + 18o 
2a 


+ 3. 




65. 


66. 


30a?-6y 
6x 


-4 




67. 






To THB 




-Teaohm. 
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Seduce these mixed quantities to the fractional form : 

1. aj + l+l^. 3. iSL^-3a + 2x. 

OX 5 

2a 4 ^ 

e A. Q, 605 + 2 ^ Q« Ki, 6a — 46 

6. 35 — oH 7-^ — • 6. 00 — 66 — • 

4aj 3 

8. l£±il?-3«-4y. 

10. ?£=L^-3a + 2aj. 
5 

12. 6a, + 4y-§£±Il?. 
4 

14. 9«Zll^_3a-26. 
6 

3a;-2y * 

18. 2a-4«-g"'-;< 
4a + 3iB 

20. 6/-8y' _3^_4 
6aj — 3y 

22. |^±|^^4a + 3a:. 
3a -2a? 

24. 3«-2y- ^^-y 

25. c + (P-22+4^. 26. 8^l4$-3a^46. 

a4-6 4a + 66 

To THB Tbaohsb.—- Teaoh 177. 



7. 


a-6- 


3a + 4 
a-6 


9. 


« + 2-f 


4aj-5 
aj + 2 


11. 


a-4- 


a-16 

a + 4 


13. 


aj + 6- 


X-2& 
x — B 


15. 


a-^x- 


a« + aj» 
a + a5 


17. 


a-y-F 


as + y 


19. 


a — oj- 


a^ + a? 
a — ai 


21. 


aj + y-J 




23. 


a + c- 


2ae + (? 
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Beduce these fractions to a common denominator : 



1. 


2a« 


Sax 
2' 


6 


2. 


a + l 
a 


a-1 
6 ' 


o*-l 
c 


3. 


5ac 


— > 
a 


4aa? 
c 


4. 


3 


2 

x + l' 


5 
a^-l* 


6. 


4 
Zab' 


3 

4^ 


6 
6aa; 


6. 


x-\-2 
a 


05-5 

3 ' 


a!' + 4 
b 


7 


5 a* 


4a& 
c 


a 


8. 


a 
x-S^ 


b 
x + s' 


e 




a?-9 


9. 


a 
Sbx' 


4 
3a«' 


5ab 
2 


10. 


4 
2-x' 


5 

2 + x 


3 

4:-a? 


11. 


4:ax 


a 
3«^ 


4&a; 
c 


12. 


a-1 

9 

a 


6-2 

b ' 


af-i 
c 


13. 


5 

Sax 


a 
26^ 


c 
6db 


14. 


x-^2 

x + 2' 


x + 2 
x-2' 


a!»-4 


16. 


2a? 
b' 


3to 


4 
36c 


16. 


5 

J 

a — 0? 


Sac 7 
a* — or a + x 


17. 


3 

5ax 


6 
2a!^ 


36a; 
6 


18. 


x + y 


x — y 


!i? + y' 
a?-y' 


19. 


Ss, 


3 

2? 


a 
4:xy 


20. 


a + b 
3 ' 


a*-a? 
2a 


0-4 
' 6 • 



21 « 4 _6_ „ o 6 c 

■ 3^ 3^ 2aa!' * x + 2' 2x + i' ix + S 

23. 6^ 36», 6 g^ ^ ^ + 2 «-l 

6 a 3aaj aj«-3a._4 «• — 2aj-8 

25. -^, JL, -^. 26. ^ + ^ , «"^ ■ 

3a6 4af 26c a^-6aj-h6 a?-6aj-h9 

To THB Tbaohsb.— -Teach 178 ... . 184. 
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ADDITION AND SUBTRACTION OF FBAOTIONS. 



1. 

3. 

5. 

7. 

9. 
11. 
13. 
15. 
17. 
19. 
21. 
23. 
25. 



a+x.a—x 



a-\-b , b — x 
a—x a+x 



3 
1 



+ 



5 

1 



1+x 1—x 

_! 1_ 

x + 3 x + S' 

0+4 . 6— a 



+ 



3 ' 6 

x + 3 4 — 0? 



3 

a 



6 

b 



a+b a—b 

g+y x+i 



4 
1 



+ 



6 

1 



o— 6 0+5 

o + a; a — x 

a—x a+x 

a?-r-2 x + 2 

x+2 x—2 

g + 6 , a 

o— 6 a+h 



4^2 8 

^ a + x . a— a? , a?— a 

2 3 4 



10. 
12. 
14. 
16. 
18. 



a+x a—x a+x 

^ I y | g-y 
»— y «+y a+y 

a? + 8 a? 4-9 a? 4-4 



2 
5 



3 
8 



4 
30? 



a + x a — x a? — 7? 



g4-y 



2aj» 



x — y x + y a? — f 

20. gL±^4-gLz:£4-^'-< 
a X ax 



22. 



24. 



26. 



a; 



y* 



a-y « + y a" — y* 



8a; 



x + 4: x — 4: aj*— 16 

a>4-5 a? — 5 19a?4-g 
x-5 x + B aj* — 26 



To THB Tbaohbb. —Teach 185. 
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a* + x 


'a*-x 


! + «« 


1-a? 


1-a? 


! + «• 


a^ + 1 1 


1 *^ 


a^-l' 


'!-«• 


1 


1 


!8'-3 


a? + 2 


^ 1 


1 3a?, 


a?-2^ 


'4-!8* 


a^ + i 


a!«f3 


a? + 3 


x' + 2 


2 


, 6x 


a? + 3x 


i'«'-9 


1 


1 



6 + 3x 2aj + 4 



25. 



a* + 005 as" + 005 



+ 05 a — x 2fl^ 
4 4 a + a; 

2 3 a!'-3 



8. 

or — 2 4 — or 
., a!' + 4 a!'f3 .. 

"• ?T3~^?T2' "• 

13. _1_+ 6£^. 14. 

«* + 3a! a!»-9 

15 1 1_. ig 

2a! — a? a!» — 4 * a; + 4 » — 4 16 — !B» 

17 4a;-l I 6a! + 2 g-S iP + 5 , a? + 46 

* 2a! + 2 3 + 3aj ' x + 5'^x-6^25-a? 

19. 3£ + l 2X-3. ^+£+l^-£+l. 

21. _*_-+ 



x-1 


x + 1 


1-a? 


6 


4 1 


16 


a!-2 


2 + aj ' 


4-0!' 


(r + 3 


a!-3 


8a! 


3-0! 


a! + 3 ' 


a?-9 


5 


8 1 


3x 


a + x 


a — x 


a?-a* 


a + x 


a 1 


a? 


a — x 


a-\-x ' 


9?-a* 


X 


y 


f 


x-y 


x + y 


y'-o? 


3 


3 


24 



23. i£±3_2£zLl. 24. 

6-&X 3aj-3 



O O 

c?-ab^V-ab' ' l-2a! 2ai+l ' 4a!»-l 



»-! 


1 + * 


a!»-a! + l 


ai* + a! + l 


1+a! 


1-* 


l + iB + ai* 


l-a! + a!» 


a + 3 


0-3 


o* + 2a-8 


cf + a — 6 


5 4 


, 16* 
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29. 



30. 



31. 



c a-i-c c(a* — c*) 

y f afy 

» + y (» 4- y)* (a 4- yf 

2 2 4 



' a(aj4-2)"^a?(aj-2) a?-4' 

34 ^ a^ + y 4a?y ^ 

aj-y aj* + ay + y* y*-»" 

85 g~^ I ^4-4 g' + Sl 

■ aj + 3"^aj-5 a?-2a?-16 

86. _5Lzf? L.4._1«L. 

of — ax + a? a-^-x a^ + a' 

87. g-a? g-ft (a-6)» 

* g— 6 g — a? (g — a?)(g — 6) 



38. 



a? + 4 1 g« + 4g — 2 

a^ + « + l »-l 1-aJ^ 



3^ a^4-3a?4-5 2 3a?4-6 

a^ + 1 aj + 1 aj^-aj + l' 

40 a?4-4 a^-4a?4-9 2 

a«-3a;4-9 ar*4-27 a? + 3 

.- _3 g?4-6 , a?' + 2a?4-28 

' aj-.2 a?4-2a? + 4"*" 8-a^ 

42. l- + .-«Zl2^^4- ^«^ 



tt + 2a? g2--2aic + 4ic' g» + 8aj» 
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43 3(0? 4-1) g-4 a? + 5 

aj«-8a?-20 jB»-.18a?4-80 a^-6aj-16' 

44 2(a?-3) a?-2 2 

aj" + 6aj-^16 «» + 4aj-12 aj« + 14aj + 48' 

4g g' + titc + c' a^ + ab + V V-\-bc-\-(f 
(a-6)(6-c) (a-c)(c-6) (a-c)(6-o) 



47. 



(a-6)(a-c) ' (a-6)(6-c) (a-c)(6-c) 

3 4 3 

(a-6)(6~c) (a-c)(a-6) (c-a)(c-6/ 

4g a + c a4-3 c4-3 

• (a-3)(3-c) (a-c)(c-3) (a-c)(3-a)" 

49 g + l ■ b + 1 c+1 

■ (a-.6)(a-c)"^(6-a)(6-c) (c~a)(6-.c) 

gQ o , b . c 

' (a-6)(a-c)"^(6-c)(6-a)"^(c--a)(c-6)* 

g* V (f 

(a^b){a-c) (6-.g)(c-6) (c-g)(6-c)' 

c c c 

(g-6)(g-c) (c-6)(6-g) (6-c)(c-g)' 

g + c 6 + c g4-& 

(a-.6)(6-c) (c-g)(6-g) (g-c)(c-6)* 

64. g'-yg I y' + xz ^ g« + ay 
(aj-y)(aj-«) (y-a?)(2^ + «) (z-x)(z-{-y) 

B5 a?-2 a?~l , a;-3 

• (aj-l)(aj-3)'^(aj-2)(3-aj)'^(l-aj)(2-.a:)" 

66. 1 I 1 , 1 

g(g — c)(g — aj) c(c — g)(c — a;) «;(* — c)(« — a) 

To THE Tbachbb.— Teach 186 «nd 187. 



61. 
62. 
63. 
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IITTLTIFUOATION OF FBAOTION8. 



1. 


4a6 2ao bhd 
Sod Bbd 8ac 


2. 


a b 


3. 


6aaj 4:cy Bbd 
bhy Zad 2cx 


4. 


»+l^ 8a 
4 a?-l 


g 


9ac 26y 46a? 
8&d 3CX 3a2^ 


6. 


1-x^ ac 




b ^1-a* 


7. 


26c ^9aaj^2a^ 
3aa?' 46c 5a6 


8. 


l + as a-1 


9. 


3a6^26c^6ad 
4a?y' 6(3K» 76aj 


10. 


+ 2, «»-l 


11. 


4ajy 9a« 26c 
3a6 Scy 3aa; 


12. 


a + iBj^ o* — «^. 
a — c o* + ooj 


13. 


4a6 -Scy 6aj» 
7a;» 86d 7ay 


14. 




15. 


2c«^36d^5a« 
Bah 4ac 6c(2 


16. 




17. 


5aJ* 9a6 7cy 
3ad 5iB« 66a? 


18. 


Sx^ + x «-! 
a!-2 2iB+6x^ 


19. 


2a»^3 6aj^6cd 
76a? 8ay 6aa? 


20. 


a — x o* — 4 a? 
a' + 2aa!'" a* — ax 


21. 


4a?* 2ac 66» 
96c 3aj* 5aa? 


22. 


a*-b^ 3ax + a* 
a*-9a? 6* + oft 


23. 


86a; 3a* 3cy 
9a« 2a?y 4a* 


24. 


a + 26 (o»-fty 


25. 


2a?»^^5a6^^42^ 
3^' 7aj^ 5aa? 


26. 


(a' -16) ^. 2a! + y 
a^ + Sa;* (o + 4)» 



96 ALQEBnA. 

^^ 3aa5 cP — of hx4-hc c — x 
4oy (r — Tr ax+a a — « 

,^ 3aa 2 (a* — a?)* 86 

46y (a + a5)' 6a* a — x 

41. _£zJLx/±iLx2«fx^lli^ 

2 + a> a?-y' a?-27 af-y' 

a6»iB (a + 6)» (a-6)* o + a; ' 

. a!'-6a! + 8 a!'-5g + 6 2x + a? 
' a!»-4a! + 3 a!»-2«-8 a!«-4x + 4 

46, g*-8iB ^ a!' + 2ai + l ^ a!-5 



a!»-.4iB-6 ai»-a?-2a! a!* + 2a! + 4- 
.. o*-aa! + a!»^4o*-9a!*^ o* + aa! ^3a6 

40. -Tir — — — ^- X = 1 — X — — X 



2a»-3a'a? a» + a^ 6aj4-4a 2xy 
To THB Tbaghbb.— Teach 188 ... . 190. 



FRACTIONS. 



9T 



1. 



DIVISION OF FRACnONB. 
8^05 . 4aa? « a — 1 



7. 

9. 
11. 
13. 
15. 
17. 
19. 
21. 
23. 
26. 



66«y ■ 56y 
9a» J 3o« 


8&^ 2to 
6a!* . 3<m 


4:a*x Scan 


36c« 96c 
Scuf . 4ac 


96^ ■ 96a! 
7o»6 7a6 


12 c' 4 OB 



14a?V , 7a?y 
ISoW * Bab' 

9ab . 3ac 
28ajV ' 7ajy 

27a«&"^9a6' 

35ah? iGhi 
24fty 86V 

8a« . 4a 
__ -I • 

a* — ar a 4- a 

12tfy ^ 6a?y 
6aj-10 a?-2aj' 



15a?6» 



10. 



12. 



14. 



a 


^ + 1- 


a + 1 


««_1 


4 


' 8a 


l-o 


l-oF 


6 


oc 


1 + a 


l-a« 


a!-l 


a!-l 


a! + 2 


a!'-4 


a! + l 


a!»-l 


a + a! 


cf-^rox 


o — c 


a*-<^ 


a + 6 . 


(a+by 


a-6' 


o*-6* 



16. 



18. 



20. 



a»-9 ^ a« — 3a 
a*4-4a a*-16' 

3g»4-a? . 2a? + 6g» ^ 
05-2 * aj-1 



a — x 



ar — aa 



SaV 



4aj + 8y a? + 2xy 



a* + 2aa? a^''4.7? 

a>-9c« 3(a + a^ 

24. fa + 6)' -H (a'-y)' . 
a + 26 a? + 86» 
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\b a) \ a) a?-5x-6 a? + x . 

81. h + l)Jl + -\ 82. ^n£zi|^^i^*. 

\6 ay V 6/ a' — a — 2 a' — 2a 

V oy V V a? + 6x+8 8 + 2a! 

V6* ay \a J a^-2aa + a? a-x 



51. 






53. 

V ay 

To ZHB Tbaohbb.— Teach 191. 



1. 


^ + x 


b 

a 

c 




.+1 


4. 


-i 


7. 


1 

a — 

a 


^^i 


10, 

• 


b a 




a b 


13. 


x^b 


a b 




X e 


16. 


-1 




'H 


19. 


-1 
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OOMPLBX FBAGTIONS. 

X-3 + - 
2 2. 

* x + 1-^ 

X 

a + 2 + \ 
a 



8. 



11. 



a + 1 



u 1 



17. 





1 , 


1 1 


3. 


1-a' 


'i+« 


1 


1 




1-a 


l + a; 


6. 


aj-2- 


14 

x + S 




aj-l- 


21 • 
aj + 3 




a-{-b , a — 6 


9. 


a-ft' 


+ 6 


a + b 


a-b 




a-'b 


a + b 


12. 


1 


1 


1- 


1 



a-1 

a b_e 

b c a 

1_1_1* " j_l 

cab a 

l + _±, 15. — K—^ 



- - a — 6 , , 

14. — . + 



1 + 6 + 1 



a + b 3-6 

1 j^ 2y-2g 

0. + ^* 18. ''+/-' 

1 ^ , 2z 



x+- 14 



a; aJ — y — « 

. 3a a4-6 . a — 6 

g — 4 c4-c? c — d 

3a * a + b . a — 6 * 

a — 4 c — d c + d 
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BBVnQW OF FBAOTION8. 

^ (a a + 2h\ . fa o . a \ 

g^ 4- g^ .. g' + aa? 4- g* . (« + «)' 

*' \^9-«> 34-aj^7 V2ir4-3; 

5. ^.,^4-^^V('-^ ^^Y 

\x + 2 X J \2 + x X J 

\a — x a-\-3xJx a* 4- 2 aa5 — 3 fic* 

(a«-24-a)3 (a'-2-a)3 8a 
a«-a-2 a'~24-a a»-4 

a*4-9a^ + 3aaj a»4-aj* a(a~aj)' 

•• (^-^-^)(;^-'-^> 

■ a* + y' + 2xy a? + y'-2xy toy 

11 / g-1 I ^-'i\ .( 'g + l a^-A 
• \^-e«_a! + l'^a?4-V Aa^-a' + l «• + !; 

12. 2 g + y-z ^ 2 x + z-y ^ 2 y + z-a; 
a; xy y xz z yz 

l« 2(6 + c) 2(a + c) 2(a + 6) 

(o - b)(a -e) (b- c)(b - o) (c - a)(c - 6) 
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\a — x cp — afj \a — x of — or J 
, aaj*-8aa! a!' + l+2g a^ + 4 + 2ig 

j^ (a + c)»-iB' ^^ ac-c' + ca! ^ (o + a;)»-c* 
caj — oc + c* a*— a» + ac ae + ax—a* 

18 /"g I ° Vf Q-«* v <* + ^ ?_. 

■ V ^0-3^ 4-o» o» + a-6 a + 2 

19. (a + c)'-»' ^^ g ^ (g-cV-a^ 

a* + ac — CUB (o + a;)* — c* oc — c* — caj 

/a!'-14g! + 33 . a!« + 3g-18\ ey + ay 
' \f + 10y-2i' y' + iy-t2j 6x + xy' 

21 /o-4 . 3-a g \ fa ^\. 5-o 
a*-a? a*-a^ g» + as* ^ (a; + gXas* + g*) 



23. 7 T^^^ — + 



(a; - l){x - 3) ■ (x - 2)(3 - a;) (2 - a;)(l - a;) 

-. c^ + 2g-3 g* + 6g + 5 / a« + 4g + 3 ., 2 + gV 
• a»-a + 30 a?-g' \a*-4:a-12 c? ) 

«+5 1+1 1 6 



26. L-^ + 1-1. 27. g' + g (a! + 4)(a; + 3) 

g_6 «_^ ' _1 6 

6 o 6 g a! + 4 (a; + 3X» + 2) 
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28. fa^ + y* A ^ ^ 4a^-4a»i>« 
\ 2<ey Ja^ + y' a^ + y'-xy 

'»• (?-f)(5-5)-(M)(M> 



7?^2yz^f^ ^7? y* — 2y» — aj* + 2* 

32 /2 + n 4n + 5 \./ 3 + 2n 4 + 3n\ 
V3+2n 6 + 5n^A4 + 3n 4n + 5/ 

g* — gaj + gc (g + a?)* — c* * (g — c)' — «* 
^^ 3aj« + aj-24^ 6iB« ^ aj-3 . 3a:«-|-9aj 

•^*' ""7; 7T7^ X "T — X ; 



6icy-20y aj*-9 3a?-8 3a:«-aj-30 

35 g'-Sl g» + 9a^~136a; . g' + g-72 

* ar* + 25aj4-136 0^8-729 " a:»4-9aj + 81 

6a^~22a; + 20 4g«-ga; + l ^ 6a^~a;-^l 

* 3a^4-4a5 + l 4aj«- 10aj4-4 12a^-23a;4-6 

a^ + g~6 ar^ + 6a; + g /g«-f 4a; + 3 ^ 3 + a?Y 

* aj«-aj-30 aj«-4a; + 4 Vaj«-4aj-12 a;-2y 

aj + 64-- «-3 ^ 05-4 ^ 

38. -. 39. -—X — 



H-?«l a;-2--^ a?-5 + - 



JB sb" a?- 4 JB — 1 

g ,^ g^ — ai^ g + a; ^ g^ + g^ + ggg 

c* g* ^, g* + a^ (g — a?)* * g* 4- «* — ga? 

1 — Jlj-1 g^4-a^ y g — g . g* + a?* — g'g' 

g' gc c* g* — a^ g*H-aj* ' g* + a?* + gV 

To THB Tbachbr.— Teach 192 ... . 214. 
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SIMPLE EQUATIONS. 

1. 6aj-14=:aj + 16. 2. 12-4aj=:24-7a?. 

3. 5jB-ll=:13-a!. 4. 3a!-24 = 9aj-42. 

6. 8a?-2^=sa54-28. 6. 11 -2aj = 46-7a?. 

7. 27-4a?=:12-a?. 8. 405 + 15 = 29 -3a;. 
9. 5aj4-17 = a5 + 19. 10. 17-7a?=:3aj- 13. 

11. 7a?-36r=i36-aj. 12. 6aj-12=3l6 - 8a?. 

13. 154-8aj = aj4-18. 14. 16-5aj = 6a?-28. 

IB. 9aj + 26 = 36-a!. 16. 6a? + 17«22 + 4a?. 

17. 24-2a! = 16-aj. 18. 4aj + 17 = 20-2a?. 

19. 7»-24 = 16-aj. 20. 17 -8aj=:5aj-22. 

21. 28-3aj = 13-as. 22. 4aj4-32 = 9a5 4- 17. 

23. 5aj-14==2a?4-7. 24. 705 + 15 = 2a? + 36. 



26^_18 — 7a? = 3aj-42. 26. 8aj + 16 = 5a?- 11. 

27. 6a? + 13 = 2aj+17. 28. 3a?- 12 = 9a? + 18. 

29. 8a?-15 = 3a? + 20. 30. 24-2a? = 15-5a?. 

31. 32-3a? = 5a?-16. 32. 4af + 14 = 2a? + 15. 

33. 7a? + 13 = 17+9a?. 34. 7a? -12 = 9a? -18. 

35. 14 + 8a? = 3a?+16. 36. 15 -4a? = 3a? + 22. 

37. 9a?-19 = 44 + 2a?. 38. 18 -3a? = 2a? + 15. 

39. 5a? + 32 = 14 + 2a?. 40. 7a?- 15 = 3a? + 13. 

41. 6a? + 16 = 3a? + 26. 42. 10 -5a? = 2a? + 38. 

43. 6a? + 34 = 7a? + 26. 44. 6a? -14 = 26 -2a?. 

45. 4a?-13 = 9a?+12. 46. 4a? + 16 = 21 -3a?. 

47. 3a? + 43 = 13 + 8as. 48. 4a? + 14 = 29 + 6«. 



\ 
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49. (aj + 7)(2aj-6)=(a?-h3)(2a?-l). 

60. (3aj-5)(4 + 2a;)=(2 + 2a?)(3a?-4). 

61. (7-4jB)(4aj + 2)=(8a; + l)(4-2a?). 

62. 8(a; + 4)-6(5-«)=38a?-4(3-.aj). 

63. (aJ-3)(7+a?)-(«-4)(2 + a?)~8 = 0. 

64. (aj-4)(4 + «)-(a?-5)(5 + «)-a? = 0. 
66. 3(a?-2)-2(aj-3) + 4(aj-6)-3 = 7. 

66. 5(aj + 3)-.4(a?-2)-3(2 + a?)-7 = 0. 

67. 5«-.3(aj-6)=2(8-a?)-4(9 + JB) + 6. 

68. aj(a?+6)-(a;-2)(aj-3)-8(a; + 2)+17=.0. 

69. (6a; + 2)«-(4a; + 3)«-(3aj-3)«-7aj-3 = 0. 

60. 2(3aj-.2)*-2(6 4-a)+8(2a;-l)-2(l-3a?)*==:0. 

61. 4(5 + 6a;)-2(3a;-2)(l-2a;)-3(2a?-3)«-20 = 0. 

62. 2a; + 4a = a54-6a. 63. 3a — 4a; = 3 — 7a?. 
64. 3a? — 3a = a? + 5a. 65. 6a? — 2a = 3a — 2. 
66. 405 — 6a=a? — 4a. 67. 3a? + 5a = 2 + 4a?. 
68. 7a — 3a? = a? — 5a. 69. 5a? — 4a = a? — 4 6. 

70. 6a — 6a? = 4a — a?. 71. 7a? — 3a = 4a4-7. 
72. 3a? + 9a = a? + 3a. 73. 6a?4-2a = 5a — a?. 
74. 2a — 5a? = a? + 8a. 75. 7a? — 6a = 4a? — 3. 
76. aa?-4a = a?-46. 77. 3cH-aa? = 26 + 6a?. 
78. 4a-haa? = 5a — a?. 79. 3a? — 36 = aa? — aft. 
80. 2c — 6a? = 3c — a?. 81. aa? — 66 = 5a — 6a?. 
82. oa?- 3a = 9 — 3a?. 83. 3a + aa?= 6a? + 5a. 
84. 6'— 6a? = a* — aa?. 86. 6a?— 36 = 2a 4-ca?. 
86. aa?- a» = 6»- 6a?. 87. oa?- 18 = 2a- 9a?. 
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3 ^ »^2 la 3 4 2 3 

4 *^ 3 3 6 o^a b 

_ a5,4»+6 2a! ^ », . „ .4. i, 3 5. 

*• 3+-? — io^'"-^- *• "+5+*-;=^-*- 



7. 2f?_3,_^^3»+l_5. 
6 ^ 2 4 



6 ^3 3 6 



_ 5x+9 «,3x ... X ,A<» i 1.C 5.^ 
9. _ »+_-lt=5. 10. --6-l + -=- + a. 

11. <,4.^_3|+? = 9^. 12. l_;_ft + ? = ?-l. 
5^45 a a b b 

"• 2+**+-6 T='^ '*• 3-^ + 3-^ = 3-;? 

,_ 4aj + 6 as — 6 x — S nt,3 + 2x 

le. i-^-x+l-'-±^:=H-'-^ 

,„ 2a!-4 a!!-8 .a! + 6 «. 5g-12 

17. _ _+__ = 2» ^-. 

,a 3aj + 8 ais-6 , 7, _6«-!-16 a; — 3 

18. — ^ g- + 7i 2 3~' 

19. 6| + 3(a!-.6)_2(^_3)^£±7_5fe^ 

^ i(x-2) 3(a! + 2) I g^^ 3a! + 8 2(a!-3) 
3 2 2 3 

81. 9i-(^-^^-(» + 4)3^8g±g-fe±Si 
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22. 8 -30 ^6 ,3 _6_^_5_ 

flB—l or — 1 l + a? x + a x — a 

24. g±2^4a^ + 8^g-2, ^^ ._5L. = «±^. 

05 — 2 a* — 4 2 + 0? a — 6 a — as 

26 ^-^ ^ 3g-h4 a? + 3 2^ £L±£ = £zJ?. 

' x + 1 l-o* 1 — JB* 'a; + 2 a?- 2* 

28 8g + 3 g + 2 ^ g + 3 2^ g + 3 ^a + c 

aj*-9 34-« «-3" * a;-3 a-c* 

^rt 2-a; 2a?+2x aj+2 ^i «-« a* 



x + 2 4 — 0* 2—05 a + 05 a' — «* 

32 2o;+l 3a;» _ 2o?-l ^^ 4g + a __ 2a;-c^ 

2aj-l 4a:«-l l+2oj* * 6x + c 3aj-a 

o^ 8 25 K «* ^ 5aj 



OJ + l (X + 1)2 1 + 05 05 + 1 

05« 



36. —^-4 + ^^ * .. = ». ^v -^4 



aj-l '3(05-1) 2(05-1) 05-1 

36. g^,6-^.^ .-05 = . «^ ^^ 



3 3(05-3) 05-3 3(05-3) 

37 2 + g 705 + 86 iy_ 05-2 9 05-l Q, 

05-2. 2(o5«-4) 2+05 2(05-2) *' 

05-1 3(05«-l) 1 + 05 ^ (05-1)2 

39 _2 3 . 17 ^05 31 205 + 9 

05-3 '(05 + 2)12 05-3 ^ 4(05 + 2) 



40. 
41. 



05 ^ a? 9 ^11 5__^ 

05 + 1 05 + 2*^4(05 + 1) (05 + 2)2 (05 + 1)3* 

05 2__ __ 4 005 — 13 g _ 5 05 

a^c a + c 4(a^-c*) ""(a-c)3 2(a+c) 

To THB Tbacheb.— Teach 215 .... 218. 
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8g + 7 .,. 8a?-9 _ 2a?-5 4a? + 2 

12 * 2»-h5 3 6 + 2» 

g 9a;-h4 3g + 2 . p, ^ 3a;4-3 2g-5, 

15 3aj-4 * 5 3a;-4 

8a? + 5 o,^ 5a; + 2 6g-5 3a; + 6 

4 * 2a?-h3"^ 3 2«-h3 

6a;-5 4a? + g . qi ^ 3a; + 9 2g + 7 

8 3aj + 2'^'^ 4 2 + 3» 

4a?-h5 . 3ag--8 4a; + 9 ^ 7g + 3 g. 
5aj-3'^ 3 4 5aj-3 ^* 

ex + 5 5a;-3 1 3g + 2 4a?~4 

4 2a?-l 2 3 2a?-l* 

5g + 2 2 3ag + 2 ^ 2a;~3 2a?~5 

5 3* 2a; + 3 6 3 + 2» 

3a? + 2 4 + 3g 2 2a; + 9 2-4a? 

4 '*'4-5a5 3 24 4-5aj" 

8a? + 5 4 3ag — a _ 4a? — 2 2a? — 2« 

9 5^ 2a>--o 45 2» — a 



10. 



6a? + 3 2 + 8a; 3a?-5 _ g + 3 5a; + 6 
4 3aj-l 3 2 3a;-.l* 



11 3a?~4 5g-h7 3ag + 2 _ 2a;~5 4g + 4 
6 l-3aj"^l-3aj 4 l-3aj' 



12. 
18. 



6a; + 7 5a; + 8 8a? + 7 ^ 2g-h9 3a;-h4 

5a 14aj 7a 35a 14aj 

5a;~4 7a;-2 7g — 6 _ 4a;-7 4g-h7 

3 4aj-5 5 15 4a?-6 

14 2a?-5 . 2a;~3 2a;~4 ^ 4a;-5 5a?--3 

2a Sx 3a 12a 6x 

To THB Tbaohbb.— Teach 219 ... . 224, alao 225 ... . 236^ 
as problems are found illustratiiig these suggestions. 
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PBOBLBMS INVOLVINQ SIMPLB EQUATIONS. 

1. The larger of two numbers is 4 times the smalleri 
and the sum of the numbers is 85. Find the numbers. 

2. Seven times the ^mailer of two numbers equals 5 
times the greater^ and their sum is 84. !Find the numbers. 

3. The sum of two numbers is 48, and 5 times the less 
exceeds 3 times the greater by 32. Find the numbers. 

4. A man bought two horses for three hundred sixty 
dollars, paying eighty dollars more for the better one than 
he paid for the other. Find the cost of each. 

5. A man left one-half of his property to his wife, one- 
third to his daughter, and the remainder, which was $ 5500, 
to his son. How much did the wife receive ? 

6. A man paid two hundred twenty-five dollars for a 
horse and carriage, paying $ 85 less for the carriage than 
he paid for the horse. Find the cost of each. 

7. Find two numbers which are to each other as three 
to seven, and whose sum is 140. 

8. Find two numbers differing by thirty-six whose sum 
is equal to twice their difference. 

9. A man has four children the sum of whose ages is 
64 years, and the common difference of their ages is twice 
the age of the youngest. Find the age of the oldest. 

10. A boy ate \ of his oranges and gave away \ of them. 
The difference between the number he ate and the number 
he gave away wai four. How many did he have ? 
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11. Divide 28 into two parts sueh that six times theless 
shall exceed three times the greater by 24. 

12. A caa bnild a wall in 4^ days, and B can build it in 
3 days. In how many days can both build it ? 

13. A can do a piece of work in m days, and B can do it 
in n days. In how many days can both do it? 

14. A man saved f 2160 in two years. If he saved two 
and three-fifths times as much the second year as he saved 
the first, how much did he save each year ? 

15. A man bequeathed his property, amounting to 
$22,600, to his wife, son, and daughter. The son re- 
ceived f 600 more than the daughter, and f 1000 less than 
the wife. How much did the wife receive ? 

16. A collection, amounting to f 6.40, consisted of dimes, 
5-cent pieces, and 2-cent pieces. There were three times as 
many 2-cent pieces as 5-cent pieces and twice as many 5-cent 
pieces as dimes. How many coins were there ? 

17. A man paid f 9.55 for a hat and coat The coat cost 
9 4.05 more than the hat Find the cost of each. 

18. Eight men agreed to share equally in buying a boat, 
bnt two being unable to pay their share, the others had each 
to pay f 20 more. How much did the boat cost ? 

19. A man left an estate of f 26,000 to be divided among 
bis wife, two sons, and two daughters. The wife received 
twice as much as each daughter, and each son received ^ as 
much as each daughter. How much did each receive ? 

20. A grocer mixed tea worth 60 cents a pound with tea 
worth 40 cents a pound in such proportions that the mix- 
ture, weighing 120 pounds, was worth fifty-six dollars. 
How many pounds of each kind did he take ? 
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21. The sum of two numbers is 66, and their difference 
is 28. Find the numbers. 

22. A man is three times as old as his son, but 6 years 
ago he was 4 times as old. Find the age of each. 

23. A can do a piece of work in five days; B can do 
it in six days ; and C can do it in ten days. In how many 
days can all do it, working together ? 

24. A and B can do a piece of work in 12 days, and A 
can do it in 20 days. In how many days can P do it ? 

25. A man spent one-sixth of his money for a suit of 
clothes and one-fourth of it for a watch, and had eighty- 
four dollars left. How much did he spend? 

26. The sum of two numbers is fifty-eight; and if the 
greater be divided by the less, the quotient will be 4 and 
the remainder three. Find the numbers. 

27. A's age is to B's as 4 to 5, and the sum of their ages 
is 117 years. Find the age of each. 

28. A man bought land for $720. He gave his son 
twenty-four acres and sold one-half the remainder at cost 
for three hundred dollars. How many acres did he buy ? 

29. The value of a man's horse and carriage is $365; 
the value of his horse and harness is $280; the value of 
the carriage and harness is $ 195. Find the value of all. 

30. Eight boys and 18 men earn two hundred ninety- 
four dollars a week. If each man earns five times as much 
as each boy, how much do the 8 boys earn per week. 

31. The sum of two numbers is a, and their difference 
is b. What are the numbers? 

82. Divide 32 into two such parts that the sxim of twice 
the less and 5 times the greater shall be 118. 
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83. Four times a certain number is 64 more than twice 
the number. Find the number. 

84. The sum of two numbers is ct, and the greater is b 
times the less. Find the larger number. 

86. If A can do one-half of a piece of work in six days 
and B can do the whole of it in eight days, in how many 
days can both do the work ? 

36. A man invested a certain sum at 6 per cent and 
twice as much at 6 per cent. His annual income from 
both investments was $ 765. How much did he invest ? 

37. A man left f of his estate to his wife and \ of it 
to his daughter. The wife received $4200 more than the 
daughter. How much did each receive? 

38. A boy has $ 9 in quarters and dimes, and he has 5 
times as many dimes as quarters. How many coins has he ? 

39. The difference of two numbers is thirty-two; and 
if the greater be divided by the less, the quotient will be 
6 and the remainder 4. Find the numbers. 

40. A man divided $ 5000 among his five sons so that 
each one received two hundred dollars less than his next 
older brother. How much did the youngest son receive ? 

41. Three men earned a certain sum of money. A and B 
earned $ 140 ; A and G earned 9 125 ; and B and G earned 
9 116. How much did they all earn ? 

42. A had nine acres of land more than B ; but A sold 
B twenty-three acres, when he had only half as many acres 
as B. How many acres had each at first ? 

48. A can do a piece of work in seven and one-half days ; 
B, in five days; and G, in three and one-third days. In 
how many days can all do the work ? 
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44. At what rate per annum will $7500 yield f 450 
interest in one year and six months ? 

45. A man spends one-fifth of his annual salary for 
boards one-eighth for clothes^ one-fourth for other expenses, 
and saves $ 850. How much are his annual expenses ? 

46. Divide the number two hundred ten into two parts 
such that the quotient of the greater divided by the less is 
four and the remainder ten. 

47. A's age is to B's age as six to five, but twenty-eight 
years ago their ages were to each other as two to one. How 
old is each at the present time ? 

48. In a regiment of soldiers there is one officer to every 
thirty men ; and if the whole number of men be divided by 
the number of officers less ten, the quotient will be 62. 
Find the number of men in the regiment. 

49. A boy earns 75 cents a day less than his father, and 
in twelve days the father earns $ 12 more than the son 
earns in nine days. How much do both earn per day ? 

50. Divide ten dollars into two parts so that there may 
be twice as many dimes in the first part as there are five- 
cent pieces in the second part. 

51. The difference between two numbers is eleven; and 
if three be added to the greater, the sum will equal three 
times the less. Find the numbers. 

52. The sum of the third, fourth, and eighth parts of a 
number is thirty-four. Find the number. 

53. A is three times as old as B, but in 16 years he will 
be only twice as old. Find the age of each. 

54. A can do a piece of work in 12 days ; A and C, in 
nine days ; and A and B, in six days. In how many days 
can B and C together do the work ? 
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65. What sum must be invested at 5^ per cent to pro- 
duce a quarterly income of f 4125? 

56. A man bought 25 sheep, paying f 2.25 a head for 
some of them, and f 3.50 a head for the others. The 
average cost was $ 2.80. How many did he buy at f 2.25 ? 

67, A and B are fifty-two osiles apart They travel 
toward each other, A four miles an hour and B two miles 
an hour, and B sets out two hours before A. How many 
miles will A have traveled when they meet ? 

58. A merchant mixes a pounds of tea worth d cents a 
pound, b pounds worth e cents a pound, and c pounds worth 
/cents a pound. Find the value of the mixture per pound. 

59. There are 85 people in a railway car. There are 
five more men than women and children, and ten mora 
women than children. How many are there of each ? 

60. A had three times as many sheep as B. Each sold 
to C half his flock, and A sold 40 to B, when A and B had 
the same number. How many did each have at first ? 

61. At what time between 4 and 5 o'clock are the hands 
of a clock together ? 

62. At what time between 2 and 3 o'clock are the hands 
of a clock at right angles to each other? 

68. At what time between 3 and 4 o'clock are the hands 
of a clock opposite each other ? 

64. A can do a piece of work in 10 days, which B can do 
in 12 days, and with C's help they can do it in four days. 
In how many days can C do the work ? 

65. What is the distance between two cities, if an express 
train, running forty miles an hour, can go from one city to 
the other in two hours less time than a freight train^ run- 
ning twenty-four miles an hour? 
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66. What principal at r per cent interest will amount to 
a dollars in b years ? 

67. Two numbers are to each other as three to four; but 
if fifty be subtracted from each number^ the remainders 
will be to each other as one to two. Find the numbers. 

68. A man bought a horse, carriage, and harness for 
$ 390. He paid f 60 more for the horse than for the other 
two, and the carriage cost $6 more than three times as 
much as the harness. Find the cost of the horse. 

69. A man bought some cows at thirty dollars a head. 
If he had bought two more for the same money, each one 
would have cost five dollars less. How many did he buy ? 

70. A merchant divided a sum of money among his four 
clerks. He gave the first \ of the whole ; the second, forty 
dollars ; the third, ^ of the whole ; and the fourth, thirty 
dollars. How much did he give to all ? 

71. A, B, and C together earn $ 4200. A's salary is } of 
B's and $ 350 less than G's. Find G's salary. 

72. At what time between 8 and 9 o^clock are the hands 
of a clock together? 

73. A is 48 years old, and B is } as old. How many 
years have elapsed since B was half as old as A? 

74. A and B can do a piece of work in eight days ; A 
and C, in seven days; and A alone, in twelve days. In 
how many days can B and C do the work ? 

75. Three-fifths of a certain principal was invested at 
4%, and the remainder at 5 %, The annual income from 
both investments was $ 550. Find the sum invested. 

76. A boy has ten dollars in half-dollars and five-cent 
pieces, there being in all fifty-six coins. How many coins 
has he of each kind ? 
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77. A man going from a certain town traveled at the ral 
of 4 miles an hour. Five hours afterward a horsemai 
going at the rate of 6 miles an hour^ was sent after hin 
How far did the latter travel to overtake the former ? 

78. A merchant sold silk for a dollars and gained h pe: 
cent. How much did he pay for it ? 

79. A lady bought 16 yards of silk; but if she had 
bought four yards more for the same money, it would have 
cost 2^ cents a yard less. How much did it cost ? 

80. D is 4 years older than C ; C is 3 years older than B ; 
B is 2 years older than A ; and in five years the sum of 
their ages will be 92 years. Find D's age. 

81. One of two numbers is three times the other. If 18 
be subtracted from the greater, and the less from 38, the 
remainders will be equal. Find the numbers. 

82. The sum of two numbers is a, and m times the less 
equals n times the greater. Find the numbers. 

83. A and B can do a piece of work in five days, which 
A and C can do in six days, and which B and G can do in 
7^ days. In how many days can all do the work ? 

84. At what time between 8 and 9 o'clock are the hands 
of a clock at right angles to each other ? 

85. At what rate per annum will c dollars yield a dollars 
interest in b years ? 

86. Four hours after a train left Albany, a second train 
set out to overtake the first in six hours. To accomplish 
this, it was necessary for the second train to run sixteen 
miles an hour faster than the first. How many miles per 
hour did the first train run ? 

87. A's money is to B's as three to seven, and together 
they have $ 15,000. How much money has each ? 
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88. A fanner bought sheep at three dollars a head and 
had 9 IB left ; but if he had bought them at three dollars 
seventy-fiye cents a head, he would have needed 75 cents 
more to pay for them. How many sheep did he buy ? 

89. If it costs the same, at $ 2 a yard, to inclose a square 
court with a fence as to pave it at 40 cents a square yard, 
what are the dimensions of the court ? 

90. A man owed $ 92. He sold wheat at 9 ^TS a bushel 
and com at 9 -40, selling the same number of bushels of 
each. If he received just money enough to pay the debt, 
how many bushels of grain did he sell ? 

91. Find the number whose double diminished by seven- 
teen is as much less than forty-eight as twenty-two is less 
than the number itself. 

92. A father is forty-five years old, and his son is one- 
third as old. In how many years will the son be one-half 
as old as his father ? 

98. At what times between 4 and 5 o'clock are the hands 
of a clock at right angles to each other ? 

94. The length of a rectangle exceeds its breadth by nine 
inches. If the length were diminished four inches and the 
breadth increased three inches, the area would remain the 
same. Find the dimensions of the rectangle. 

95. A man was hired for forty days at the rate of $ 2.76 
a day and his board, and for every day he might be idle he 
was to pay 9 .75 for his board. At the end of the time he 
received $ 89. How many days did he work ? 

96. After A had been traveling four hours at the rate of 
seven miles in two hours, B set out at the rate of eleven 
miles in two hours to overtake A. In how many hours 
from the time B started did he overtake A? 
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97. A lady bought 42 yards of silk for 9 48, paying $ 1 
a yard for part of it and $ 1.25 a yard for the rest. How 
many yards of each kind of silk did she buy ? 

98. By selling tea at a cents a pound, a grocer lost b 
per cent. How much did he pay for the tea ? 

99. Two men engage in business. A invests f as much 
as B. The first year, A gains $1500, which he adds 
to his capital, and B loses i of his money. The next year, 
A loses -^ of his money, and B gains 1^400, when they 
have equal amounts. How much had each at first ? 

100. A lady bought a hat and a pair of shoes, paying 
three-fourths as much for the hat as she paid for the shoes. 
If she had paid $ 2 less for the shoes and $ 1.50 more for 
the hat, the hat would have cost f times as much as the 
shoes. How much did she pay for both ? 

101. The difference between the sixth and eighth parts 
of a number is six. Find the number. 

102. Between what hours are the hands of a clock 
together? Form the equations for finding the times. 

103. A man is 24 years older than his son, but two years 
ago he was 4 times as old. Find the father's age. 

104. A can do a piece of work in 8 days, and B can do it 
in 12 days. If B works two days alone, in how many days 
can he complete it with A's assistance ? 

105. A boy bought a number of apples at the rate of 
three for five cents, and sold them at the rate of five cents 
for two, gaining $ 1. How many did he buy ? 

106. A general arranged part of his men in a solid square 
and had 40 men left; but attempting to add one man to 
each side of the square, he found that he needed 41 men to 
complete the square. How many men had he ? 
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107. A man invests one-third of his money in 3 per cent 
bonds, one-fourth in 4^ per cent bonds, and the remainder 
in 5 per cent bonds. His annual income from the whole 
investment is $ 1010. Find the whole sum invested. 

108. A merchant has tea worth 30 cents a pound and 
some other worth 50 cents a pound. How many pounds of 
each must he take to mix 60 pounds worth $ .46 a pound ? 

109. Divide a into two parts such that the quotient of 
the greater divided by the less is b and the remainder c. 

110. A man bought two horses and a carriage, paying 
$ 175 for the carriage. The better horse and carriage cost 
$50 less than three times as much as the poorer horse, and 
the poorer horse and carriage cost twice as much as the 
better horse. Find the cost of the horses. 

111. At what times between 5 and 6 o'clock are the 
hands of a clock twenty minutes apart ? 

112. The sum of the third and fourth parts of a certain 
number exceeds eight times the difference between the fifth 
and sixth parts by 38. Find the number. 

113. A is fifty-five years old, and B is three-fifths as old. 
How many years have elapsed since A was two and four- 
sevenths times as old as B ? 

114. A can do half as much work as B; B can do ^ as 
much as C ; and together they can complete a piece of work 
in 8 hours. In what time can each complete it ? 

115. What sum must be invested at a per cent to give a 
semi-annual income of c dollars ? 

116. A and B are eighty-two miles apart. They set out 
at the same time and travel toward each other. A travels 
at the rate of ten miles in three hours, and B at the rate of 
seven miles in two hours. How many miles will each have 
traveled when they meet ? 



PBOBLSMS. 119 

117. A maaon received $ 3.50 a day for his labor and 
paid $ .75 a day for his board. At the end of thirty days 
he had saved $ 54.50. How many days did he work ? 

118. A man walking one and a half miles an hour set 
out from a certain town, and two hours after another man 
walking three miles an hour set out to overtake him. How 
many miles did the second walk to overtake the first ? 

119. A man bought sheep at 92.75 a head and had 
twenty-five dollars left; but if he had bought the same 
number at $3.25 a head, he would have had only five 
dollars left. How many sheep did he buy ? 

120. A young man spends one-fourth of the money he 
has in bank at the beginning of each year, and adds to it 
during each year an annuity of $ 6000. At the beginning 
of the fourth year he has 9 20,625 to his credit in the bank. 
How much did he have in the bank at first ? 

121. Divide 88 into two parts such that f of the less 
shall be equal to three-sevenths of the greater. 

122. The width of a room is f of its length. If the 
length were 3 feet less and the width 3 feet more, the room 
would be square. Find the dimensions of the room. 

123. A cistern can be filled by two pipes in four hours 
and six hours respectively, and can be emptied by a third 
in twelve hours. In what time will the cistern be filled, if 
all three pipes are running together ? 

124. At what times between 1 and 2 o'clock are the 
hands of a clock at right angles to each other? 

125. A boy bought some peaches at the rate of two for a 
cent and as many more at the rate of two cents for three. 
He sold them all at the rate of four for five cents and 
gained 9 1*60. How many did he buy ? 
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126. A man received an annual income equal to i the sum 
invested. He invested the income, less $ 4000 for annual 
expenses, at the same rate. At the end of 3 years he had 
1^21,500 invested. Find his original investment. 

127. In how many years will a dollars amount to b 
dollars at c per cent interest? 

128. A man bought a suit of clothes for $ 24 and paid 
for it in two-dollar bills and fifty-cent pieces, giving twice 
as many coins as bills. How many bills did he give ? 

129. A and B have 1^ 96. A buys sheep at $ 4 a head and 
has $ 12 left, and B buys the same number at $ 5 a head 
and has the same sum left. How many does each buy ? 

130. A lady bought a cloak, a dress, and a hat, paying 
$ 9 for the hat. The dress and hat cost f as much as the 
cloak, and the cloak and hat cost 9 T more than twice as 
much as the dress. How much did she pay for all ? 

131. Divide 84 into two parts such that two-fifths of the 
greater shall exceed six-sevenths of the less by 16. 

132. A's age is to B's age as 4 to 7, and the sum of their 
ages is 66 years. Find the age of each. 

133. At what times between 6 and 7 o'clock are the 
hands of a clock at right angles to each other ? 

134. A can do a piece of work in 24 days, which B can 
do in 20 days. A begins the work, but after a time he is 
relieved by B, and the work is completed in 21^ days from 
the beginning. How many days did each work ? 

136. If 1024 men be arranged in a hollow square 8 men 
deep, how many men will there be in the outside line ? 

186. Divide $ 8000 into two parts such that the interest 
of the greater part for 4 years at 3% shall be the same as 
the interest of the smaller part for 6 years at 4%. 
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137. A man can row a miles an hour on still water. How 
far down a stream, whose current is b miles an hour, can he 
row so that he may go and return in c hours ? 

138. A wheelman who rides 32 miles an hour is 45 min- 
utes in advance of a second, who rides 40 miles an hour. 
In how many hours can the second overtake the first ? 

139. The number of girls in a school is to the number of 
boys as five to three ; but if there were fifteen more girls 
and fifteen less boys, the ratio would be as two to one. How 
many girls are there in the school ? 

140. A man bought two farms, one of which contained 
40 acres less than 3 times as much as the other. He paid 
1^10 an acre for the smaller farm and $4 an acre less for 
the other. He kept 10 acres of each farm and sold the 
remainder at 91 an acre above cost, receiving for it IJIOO 
more than the whole cost. How many acres did he buy ? 

141. Divide seventy-two into two parts such that the 
excess of the greater over thirty shall be four times the 
excess of thirty over the less. 

142. Between what hours are the hands of a clock oppo- 
site each other? Form the equation for each solution. 

143. The length of a rectangle is 3^ times its width. If 
each dimension were two inches less, the area would be 
diminished 122 square inches. Find the length. 

144. A, B, and can together complete a piece of work 
in thirty days. A does thi^ee-fourths as much as B, and B 
does four-fifths as much as 0. In how many days can each 
complete the work alone ? 

145. A man bought some eggs at thirty cents a dozen. 
He sold three-eighths of them at the rate of thirty cents for 
nine, and the remainder at the rate of fifteen for fifty cents. 
He gained 9 2- How many eggs did he buy ? 
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146. If a regiment of troops be arranged in a solid square 
with a certain number of men on a side, there will be 232 
men left; but if four men be added to each side of the 
square, there will be just enough men to complete the 
square. How many men are there in the regiment? 

147. A merchant starts in business with $ 8000 capital. 
His profits are equal to \ of his capital. If he adds his 
profits, less a fixed sum for annual expenses, to his capital, 
at the end of 3 years his capital will be increased to 
$11,050. How much are his annual expenses? 

148. A man has $ 6.56 in dollars, dimes, and cents. He 
has f as many cents as dimes and four times as many cents 
as dollars. How many pieces of money has he ? 

149. A has $ 92 more than B. A buys land at $ 8 an 
acre and has $ 180 left, and B buys 8 acres less at $ 12 an 
acre and has $ 24 left. How many acres does each buy ? 

150. A man earns three times as much per day as his 
older son and five times as much as his younger son. 
The father worked twenty-four days, the older son twenty 
days, and the younger son sixteen days, and all earned 
$ 127. How much do all earn per day ? 

161. A father is forty-two years old, and his son is three- 
sevenths as old. In how many years will the son be three- 
fifths as old as his father ? 

152. A tank can be filled by two pipes in 40 minutes and 
one hour 20 minutes respectively, and can be emptied by a 
third in two hours. In what time will the tank be filled, if 
all the pipes are running together ? 

153. A man was hired to do some work. He was to 
receive $ 3 a day for every day he worked and forfeit $.75 
for every day he was idle. He worked 3 times as many 
days as he was idle and received $ 66. How many days 
did he work ? 
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164. At what times between 12 and 1 o'clock are the 
hands of a clock at right angles to each other ? 

155. A fox is pursued by a hound. The fox makes 4 
leaps while the hoimd makes 3, but 3 leaps of the hound 
are equal to 5 of the fox. The fox has a start of 30 of her 
own leaps. How many leaps must the hound make to catch 
the fox ? 

156. What sum must be invested at four per cent to give 
a semi-annual income of $ 1680 ? 

157. A pedestrian walked a certain distance at the rate 
of 2^ miles an hour. He rested an hour at the end of his 
journey and returned at the rate of 3 miles an houx. If he 
was out 12 hours, how far did he walk ? 

158. A and B are fifty-three miles apart They travel 
towards each other, A 2^ miles an hour, and B 1^ miles an 
hour. If B starts two hours later than A, how far will each 
have traveled when they meet ? 

159. A lady bought silk at eighty cents a yard and had 
$ 2 left ; but if she had bought it at ninety-five cents a 
yard, she would have needed twenty-five cents more to pay 
for it. How many yards of silk did she buy ? 

160. If 18 pounds of copper weighs 2 pounds less in 
water than in air, and 21 pounds of tin weighs 3 pounds 
less in water than in air, how many pounds of each are 
there in a mixture of the two metals, which weighs 450 
pounds in air and 392 pounds in water ? 

161. The side of a square is four inches less than the 
length and three inches more than the side of an equivalent 
rectangle. Find the area of the rectangle. 

162. A can do a piece of work in 24 days, which B can 
do in 20 days. B begins the work, but after a time he is 
relieved by A, who finishes the work, working two days 
more than B. How many days does each work? 
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163. A is 20 years older than B, but in two years A will 
be only twice as old as B. Find the age of each. 

164. At what times between 10 and 11 o'clock are the 
hands of a clock at right angles to each other ? 

165. A man bought some oranges at the rate of two for 
five cents and twice as many more at the rate of five cents 
for three. He sold them all at thirty-five cents a dozen and 
gained $ 1.75. How many did he buy ? 

166. A merchant's profits are equal to ^ of his capital. 
If he adds the profits, less $ 3000 for annual expenses, to 
his capital, at the end of three years his capital will be 
increased to $21,800. Find the original capital. 

167. At what rate per annum will a dollars amount to 
h dollars in c years ? 

168. A merchant sold eighty pounds of tea, part of it at 
forty cents a pound and the rest at sixty cents a pound. 
The average price was forty-eight cents a pound. How 
many pounds did he sell at each price? 

169. Two boys had equal sums of money. One bought 
some oranges at 5 cents apiece and had 3 cents left ; the 
other bought 1\ times as many oranges at f .36 a dozen and 
had 12 cents left. How much money had each ? 

170. A man spent half a dollar more than half his money. 
Then he spent half a dollar more than half of what re- 
mained. A third time he did the same, when he had 
nothing left. How much money had he at first? 

171. A, B, and C can complete a piece of work in thirty 
hours, A doing half as much again as B, and B doing two- 
thirds as much again as C. In how many hours can each 
one complete the work alone ? 

172. At what times between 9 and 10 o'clock are the 
hands of a clock twenty minutes apart? 
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173. Eight years ago A was three times as old as B, but 
in eight years he will be only twice as old. Bequired the 
age of each at the present time. 

174. A hare is pursued by a dog. The hare makes 5 
leaps while the dog makes 4^ but 5 leaps of the dog are 
equal to 7 of the hare. The hare has a start of 48 of her 
own leaps. How many leaps will the hare have made when 
caught ? 

175. An officer arranged part of his men in a solid 
square and had 80 men left ; but upon attempting to form 
them into a column with 15 men more in front and 8 men 
less in depth^ he found that he lacked 80 men to complete 
the column. How many men did he have ? 

176. A man invests 9 10,000, part of it at six per cent, 
and the rest at four per cent. The interest on the former 
for four years is the same as that on the latter for two 
years. Find the sum invested at four per cent. 

177. A man can row 5 miles an hour on still water. 
How far down a river, whose current is 2 miles an hour, 
can he row so that he may go and return in ten hours ? 

178. A and B set out at the same time from two places 
and travel toward each other, A traveling 3^ miles an hour 
and B 4J miles an hour. When they meet, B has traveled 
12 miles more than A. How far apart were they ? 

179. A man bequeathed his property to his son and 
daughter, leaving the son fifteen hundred dollars more than 
f of the whole. The son's share was to the daughter's 
share as 19 to 17. Find the amount of the estate. 

180. A man paid thirty dollars for a hat and coat. The 
difference in the cost of the two was six times the cost of 
the hat. Find the cost of the coat. 

181. Eighteen years ago a man was two-fifths as old as 
he will be in 12 years. What is his age at present ? 
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182. At an election, two candidates together received 
4229 votes, and the candidate elected received a majority 
of 521. How many votes did each receive? 

183. A cask contains 12 gallons of wine mixed with 18 
gallons of water, and another cask contains 18 gallons of 
wine mixed with six gallons of water. How many gallons 
must be drawn from each to make a mixture of fourteen 
gallons of wine and fourteen gallons of water? 

184. At what times between 7 and 8 o'clock are the 
hands of a clock at right angles to each other ? 

185. The width of a rectangular piece of paper is 6 inches 
more than half its length ; and if a strip 3 inches wide were 
cut off from the four sides, it would contain 360 sq. in. 
Find the dimensions of the paper. 

186. A tank can be filled by two pipes in eighteen min- 
utes. After the first has been running by itself for six 
minutes, the second is turned on, and the tank is filled in 
fourteen minutes more. In how many minutes can it be 
filled by each pipe separately ? 

187. I bought some oranges at the rate of five for three 
cents. I sold one-third of them at the rate of five cents for 
three, and the remainder at one cent apiece, gaining one 
dollar twelve cents. How many did I buy ? 

188. An officer can form his men into a hollow square 
six men deep, and also into a hollow square eight men deep. 
There are eight more men in the front of the first square 
than in the second. How many men has he ? 

189. A farmer sold wheat at 80 cents a bushel, rye at 
75 cents a bushel, and com at 60 cents a bushel, receiving 
for it all one hundred eighteen dollars. He sold ten bushels 
less of rye than of wheat, and twice as many bushels of 
com as of rye. How many bushels of grain did he sell ? 
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190. Of two consecutive numbers^ \ of the less exceeds \ 
of the greater by two. Find the numbers. 

191. A has twenty-five dollars less than B. A buys 
twenty-four sheep and has $ 18 left, and B buys twenty-one 
more than A at $ 1 less per head and has $ 26 left. At 
what price per head did each man buy his sheep ? 

192. A man invests $12,750. His income is equal to 
one-third of the investment. If he invests his income, less 
a fixed sum for annual expenses, at the same rate, at the end 
of three years his investment will amount to twenty-two 
thousand dollars. Find his annual expenses. 

193. One boy takes from a basket one more than half the 
peaches in it, a second boy takes one more than half the 
remainder, and a third takes four more than half of those 
that still remained, and there were none left. How many 
peaches were there in the basket at first ? 

194. At what times between 11 and 12 o'clock are the 
hands of a clock twenty-five minutes apart ? 

196. B's age is to A's as 6 to 8, and the difference be- 
tween their ages is 18 years. Find the age of each. 

196. A and B can complete a piece of work in 2| days, 
A and in three days, and B and in 4| days. In how 
many days can each do the work alone ? 

197. A fox is pursued by a hound. The fox makes six 
leaps while the hound makes five, but two leaps of the 
hound are equal to three of the fox. The fox has a start 
equal to sixty of the dog's leaps. How many leaps will 
each have made when the fox is caught ? 

198. A farmer hired a laborer for a year, agreeing to pay 
him one hundred fourteen dollars and a suit of clothes. 
He worked only nine months and was entitled to receive 
$ 81 and the clothes. Find the value of l^e clothes. 



128 ALGEBBA. 

199. A man had two farms of equal size. He sold 20 
acres from one and 60 acres from the other, when he found 
that there remained ^ as many acres in one as in the other. 
How many acres were there in each farm at first ? 

200. A man invested his fortime. The annual interest 
at 5 per cent on $ 700 more than one-fourth of it exceeds by 
$ 40 the interest at 4 per cent on $ 500 less than one-third 
of it. Find the sum invested at 5 %. 

201. A man set out at 6 a.m. and drove a certain distance 
at the rate of 5 miles an hour. He returned on foot, walk- 
ing 2 miles an hour, and reached home at 5.30 p.m., having 
rested one hour at noon. How far did he walk ? 

202. A railway train leaves a station, and 40 minutes 
after, another train, which runs 30 miles an hour, starts out 
and overtakes the first in 2 hours and 40 minutes. How 
many miles per hour does the first train run ? 

203. A boy bought some oranges at a cents apiece and 
had h cents left ; but if he had had c cents more, he could 
have bought the same number of better ones at d cents 
apiece. How many oranges did he buy ? 

204. K a pound of tin weighs |^ of a pound in water, 
and a pound of lead weighs |^ of a pound in water, ho-v^ 
many pounds of each metal are there in a mixture of 120 
pounds, if it weighs only 106 pounds in water ? 

205. A man bequeathed his entire estate to his three 
sons as follows : to his eldest son he leaves 9 1000, together 
with ^ of what remains ; to the second son he leaves $ 2000, 
together with J of what remains after the eldest son's share 
and $2000 have been deducted; to the third he leaves 
$ 3000, together with \ of what remains after the portions 
of the two other sons and $ 3000 have been deducted. Find 
the amount of the estate. 

To THB Tbaohbb.— Teach 237 ... . 246. 
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SIMULTANEOUS EQUATIONS. 
XUMINATION BY ADDITION OB SUBTBAOTION. 

!-2t/ = -6 



a 



11 



13. 



16. 



17. 



f2a! + 3y = 7 
" \sx- y=B 

\sx-6y = 2 

f4a!-3y = 16 
' l7a;-6y = 29 

f5a; + 3y = 38 
l9y-3» = 16 

f7i8-3y = 29 
* l8x-6y = 32 

6 2 

ZJ_^=36 

2 4 

4^6 

3 2 

§5_3l?=30 
5 4 

5jf_5£=25 

4 10 



2. P»-2y — 
[2x+ y = - 



6. 



10 



12. 



y — 8 

5a + 4y = — 7 
2x+ y = -l 

2a; + 3y = -4 
r3aj-5y = -32 



6a; + 4y = -22 
5y + 7aj = -20 

= -34 
30 



■{ 



|5a! + 3y = - 



14. 



16. 



18. 



6fs_6y ^jo 
23 2 

^-3a, = -16 

6 12 

l£_^ = _46 
9 7 

^ + ^ 76 

36^ 6 
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ELIMINATION BY SUBSTITUTION. 



f4aj-8y = 8 
l3aj + 6y = 



6y = 9 

aj-3y = 6 
a;— 52^ = 3 






9. 



11 



5x _3j^_ J 
2 2 ~ 

I 3 ^ 2 ~ 

f9a!-4y = 22 
l6a! + 3y = 43 

13 f6a'-3y = 48 
l4y-2as=20 

3^3 
I 6 10 



16. 



17. 



l£_2y^22 
11 13 

3 22 



+ 4y = 
3y = 



f4x — 6y 
*• l3a,-4y 

J f2a! + 2y 
* l6« + 7y 



10. 



3a; 5y 
7 3 

14 * 

f3x 3^. 
4 "^ 2 ■ 

5^4. Is. 
6 "^ 6 ■ 



■ 4 
• 8 

= -4 
= -6 

= -3 
= -6 

= -3 



f4«-7y 
■ l3y-7 



» = — 



14. 



16. 



18. 



|7a! + 6y = - 
l4y4-6a! = — 



f3£ 3^. 
8 "^10" 
8^_7« 
6 4 ' 

fi£+IS = 
I 3 ^ S 



-6 

-4 

-35 
22 

70 
40 

■21 
-22 

-43 
•15 
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9. 



11. 



13. 



15. 



17. 



'4aj 
.Sx 

Ix 
.2x 

^x 

4 

Ix 
3 

r4a 

9 

I 2 
\%x 

\lx 
i7y 



+ 3y = 20 
+ 6y = 34 

-2y = 13 
-l-3y = 43 

+ ^ = 24 

-^ = 22 
6 

+ ^ = 28 

-3y=17 
+ 6ic = 43 

-2y = ll 
-2x = 29 



3£ 4-^ = 36 
5 

-^ = 31 
6 



•3a; 
4 

. 4 



2» 

7 
3« 

2 



+ ^ = 42 



10. 



12. 



14. 



16. 



18. 



f4aj 
l3x 

<2x 
l2y 

f3aj 
l5y 

4a! 

7 
2j{ 

6 



-6y = 
-7y = 

+ 6y = 
-3x = 

+ 2y = 
— 4a!: 

^ 3 



■27 
-43 

■ 32 

■ 28 

-33 

• 26 

= -12 



4« 
3 

6jf 
4 



7 

+ 15 = 
^ 3 



f4x 

ley 

f6aj 
l4y 



7x 
2 

4^ 
3 



+ 9ys 

-6X: 

+ 8y = 
-9aj = 

+ i2 = 
^ 2 

_3x 
6 ■ 



3x 

7 

Elf. 
2 



^ 3 
5x 
■ 2 ' 



•40 
21 

22 
71 

14 

•47 

10 
30 

• 26 
■19 
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* {6x + 5y = 16 


2. 


2aj + 33^ = 
.3aj — 4y = a 


\2x-iy = 62 


4. 


4:X — Sy = a 
Sx — 4,y = a 


Ux + 3y=^23 
' \7y + 7x = 21 


6. 


(ix + by = 2 
.ex-- dy = a 




8. 


2x'-3y = a 
3x + 5y = b 


/ 3 {ix-iy=^20 


10. 


ax — by = 
,bx — ay = c 


/ • \2y + ix^l3 


12. 


aa + by = c 
. a^x — Vy = c' 


/is (*^-i2^ = 17 


14. 


' ooj — 6y = cd 
. 605 + ay = oc 


,^ \cx + ay = 2ac 
I ooj + cy = a' H- (T 


16. 


aj + y = a + c 
. ooj — cy = c* — a* 


,« fa« + cy = a*-c» 
I caj + ay = a* — c* 


18. 


aoj — (^ = a* — c* 
. ao? + <^ = (a + c)* 



19. (^(^+y)+^(^-3')=3 

la(a?-y) + c(a? + y)=l 

20. ((«+^)^-(«-^)y=2 

1 (a — c)* + (a + c)y = 2 

21. |(® + ^)3'-(^-^)^ = «* 
I (a + c)aj — (a — c)y = 3 
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24. 



30. 



32. 



84. 



X y 

X y 

aj y 

05 y 



26. 



aj 



a? y' 



?-^ = (l 



28. 



? + -=:- 

X y c 
?^_5 — £ 

a o 



a & 2 






?-2?^(l 



23. 



26. 



27. 



81. 



88. 



85. 



5_ 

X 


.* = 12 
2^ 


4 + 5 = 22 


?4 

a; 


.2=22 

y 


5_ 

a; 


-1 = 16 

y 


4_ 
a; 


.2=11 
y 


«4 


.?=39 

X 


[ * 

2a; 


-^- 


6 

I3y 


^ =2 

4a; 


1 

ax 




2_ 
ax 


6y 


a 
to 


ay 


c 


+ A = „ 

<iy 


a 
to 


ay d 


ax 


d _a 
6y 6 



184 



ALGEBRA. 



86. 



88. 



40. 



42. 



44. 



46. 



48. 



(X 


-2 = 


e 






a 


b 


d 


X 


4-2 = 


d 

s — 


\h 


a 


C 


(a 


b 


= 1 


— 


— _ — 


X 


y 




h 


. (i 






■f-= 


• 2 


[x 


y 




(a 


. ft 


2 




■h- = 


s — 


X 


y 


3 


b 


a 


3 








[x 


y 


4 


(a 


. b 






■f-= 


:e 


X 


y 




b 


a 






— — = 


:<i 


ix 


y 




ra 


b 


.« 


X 


y 


d 


b 


. a 


d 


x 


^r 


'c 



a 2_ 
X y' 

23 

laj y' 



:C 



87. 



89. 



41. 



4ag + 6y-f 6 _6 

7aj-.2y + 9""4 

3a? + 3y + 3 _5 

l4aj-3y + 4 2 

2 3 

y + 8 a?-3 ^o 
I 3 4 



9 4 



:8 



= 7 



43. 



46. 



47. 



U + 4 y-3 

a_+l_a--4_Q 
y+l y— 1~ 

05 — 5 05 — 4 

a — c a — a 
ih'-c^b'^d 



a + c a — c a — c 
la + c a — c a + c 



49. 



. + -i^ = . 



To 



a + c a — c (^ — (? 

^ I y ^ ^ 

a — c a + c a^^if 
THB Tbachbb.— Teach 250 .... 252. 
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8. 



9. 



11. 



18. 



2x + 2y-3z==3 

3aj + 3y-4« = 6 

2aj + 3y-6« = 4 
3aj-3y + 2« = 6 
.4aj — 6y + 5« = 4 



r2a;4-3y = 2-h32 

6. \sx-5y = 7-^2z 

l9« — 4y = 4 + 4» 

3aj-4y + 2« = 15 

2aj + 3y-3« = 15 

l5y-5aj + 42 = 22 



15. 



Bx + 3y = Sz + 16 

5y = 33 + 3aj-22 

.5»-4y-2aj = ll 

7aj-6y + 32J = 29 
6y-42J + 3a?=30 
5»-4aj + 2y = 37 

« + y + 2 + t* = 30 

a? — y + 2j + t* = 16 

» + y — « + w = 12 

.aJ + y + » — w = 18 

x + y + z^u = 12 
x + y — z + u^ IS 
« — y-f-2 + t* = 14 



6. 



10. • 



12. 



14. 



16. 



aj + 3^-16 = 

y + «-17 = 

laj4-«-16 = 

» + y-15 = 14 
a? + » — 14 = 16 
y + »-18 = 13 

2aj-2y-4 = 

4y-2«-4 = 

l5»-4»-3 = 

3a.-2y-6 = 12 
4a.-.2«-7 = ll 
7y-Sz-9 = 17 

3aj-3y-6 = 12 
5aj-6«-9 = 17 
2y + 22J-8 = 30 

5aj — 325 — 10 = 

4y-22J-22 = 

I2aj + 3y-61 = 

305 + 2^ — 42 = 5 

4aj + 32; — 9w=6 

5a; — 3y — 4w = 6 

[7y + Su-6z = 5 

'6a: + 2^-42 = 29 
4aj-32f + 3w = 46 
3a; + 6y-6w = 29 
4^^ -.41^4.32; ==34 
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17. 



19. 



21. 



25. 



27. 





uitntaajL* 


a; + y + 2 = 7 


y + 2 = 5 
» + w = 4 


18. 




aj-t* = 3 




tt + aj + y = 8 


'x + y = a 




«+y+»=a 


y + z = b 


20. 


aj + y-2 = 6 


.x + z^c 




aj--y + » = c 


fl + l = 7 
X y 




[1+1+1 = 9 
X y z 


1+1 = 6 


22. 


1+1-1=5 
a; y 2 


1+1 = 9 

KZ X 




1+1-1=3 

ly 2 a? 


(1+1=« • 




M+5=« 

a? y « 


1 + 1 = 5 

y « 


24. 


a? y 2 


1+1 = 

Vz X 




ly 2 a? 


' x + y==a 




aj + y = a + 6 


y-\-z = b 

Z + U=zO 


26. 


y+2=a— c 


U-'X:=d 




tt— a5=sc — a 


2x + y=sa 




'2x + y + z=:a 


2y + z = b 


28. 


Sy+z+x—b 


.2z + x = c 




4« + a5 + y = o 
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89. 



SI. 



8S. 



86. 



3^7 4 
4^2 8 
2 2^2 



i+i-i=4 

X ^ z 
y z X 

i+i-i=8 

0*^6 c 2 

6 c a 2 

?+?— 2=1 
Lc a & 2 



-H =^m 

X y z 

y z X 

2 a? y 



30. 



82. 



84. 



86. 



5+2_ 


-8 = 


2_«_ 
5 4 


-4 = 




-9 = 


fi+i_ 

X y 


-3 = 6 


i+i_ 


-9 = 8 


i+i- 

I 2 » 


-6 = 7 


2+2- 


-3 = 


h c 


■3 = 


?+5_ 


■ 3 = 




= o-|-4 


y « 


= 6-1-3 


5+?= 
Iz X 


.a + 2 



S7. 



\y + \z-\x=S 



f*»-fy-6 = 9 
S8. j|y-^«-8 = 7 



To THB Tbaohbb. — Show how problems InTolving slmoltaiieoiis 
eqaationa are solved. See 263 and examples following. 
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PBOBLBMS INVOLVma SIMULTANEOUS EQUATIONS. 

1. The sum of two numbers is sixty-eight, aud their 
difference is thirty-four. Find the larger number. 

2. The sum of two numbers is 72, and their difference 
exceeds \ of the smaller by nine. Find the numbers. 

8. The sum of two numbers is 136, and two-thirds of 
the larger is equal to three-fourths of the smaller. How 
much does the larger number exceed the smaller ? 

4. The sum of the two digits of a number is eleven ; and 
if twenty-seven be added to the number, the digits will be 
interchanged. Find the number. 

6. If the greater of two numbers is divided by the less, 
the quotient is 5 and the remainder 2 ; but if 6 times the 
smaller is divided by the greater, the quotient is 1 and the 
remainder 7. Find the numbers. 

6. If 3 be added to the numerator of a certain fraction, 
its value will be ^ ; and if 1 be subtracted from the denomi- 
nator, its value will be \. Find the fraction. 

7. A farmer has two hundred twenty sheep in two 
fields. If thirty-five are taken out of the first field and 
put into the second, there will be the same number in each 
field. How many are there in each field ? 

8. Five times the greater of two numbers exceeds ^ of 
the less by 97, and five times the less exceeds \ of the 
greater by 71. Find the sum of the numbers. 

9. If eight be added to the sum of the two digits of a 
number, the result will be four times the left-hand digit; 
and if eighteen be added to the number, the digits will be 
interchanged. Find the number. 
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10. In an election one thousand four hundred ninety 
men voted for two candidates, and the candidate elected 
had a majority of two hundred forty-six. How many votes 
did each candidate receive ? 

11. A man sold 70 sheep for $240. He sold some of 
them at $ 3 a head and the rest at $ 4 a head. How many 
sheep did he sell at four dollars a head ? 

y 12. The sum of the ages of A and B is ninety-six years. 
If B were twice as old, his age would exceed A's age by 
eighteen years. Find the age of each. 

13. If the sum of two numbers be divided by 6, the quo- 
tient will be 18 and the remainder 2 ; and if their differ- 
ence be divided by 5, the quotient will be 15 and the 
remainder 3. Find the numbers. 

14. The sum of the three digits of a number is 12. The 
digit in tens' place is ^ the sum of the other two digits ; 
and if 198 be added to the number, the first and last digits 
will be interchanged. Find the number. 

16. Eight men and six boys earn seventeen dollars a day, 
and at the same wages, nine men and five boys earn $ 18.25. 
How much does each man earn per day ? 

16. When a man was married, his age was f of his wife's 
age ; eight years afterward his age was ^ of his wife's age. 
How old were they when they were married ? 

17. If a rectangular plot of land were 10 feet longer and 
20/f eet wider, the area would be 3400 square feet more than 
it is ; but if the length were 10 feet more and the width 20 
feet less, the area would be 1800 square feet less than it is. 
Find the area of the plot. 

18. If 2 be added to both terms of a certain fraction, its 
value will be f ; and if 4 be subtracted from both terms, its 
value will be ^. Find the fraction. 
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19. The sum of the digits of a number of two figures is 
13; and if 45 be subtracted from the number, the digits 
will be interchanged. Find the number. 

20. At an election A's majority was three hundred 
eighty-four, which was three-elevenths of the whole num- 
ber of votes. How many votes did each receive ? 

21. A dealer bought 40 barrels of apples and 20 barrels 
of pears for $ 105. He sold the apples at a profit of 30%, 
and the pears at a profit of 20%, receiving for all 9 131. 
How much did he receive for the apples ? 

22. A and B can do a piece of work in 4 days ; B and C 
can do it in 5 days ; A and can do it in 6} days. In 
how many days can each do the work ? 

23. Seven years ago B was three times as old as A, but 
in five years he will be only twice as old. Required the 
age of each seven years ago. 

24. The sum of the two digits of a number is 12 ; and if 
the number be divided by the sum of its digits, the quotient 
will be seven. Find the number. 

26. A, B, and C have $ 1380. If B gives A $ 70, A will 
have $ 80 more than B ; but if B gets $ 60 from G, B and 
G will have the same sum. How much has each ? 

26. In three years a certain sum of money, at simple 
interest, will amount to $966, and in five years it will 
amount to $ 1050. Find the sum invested. 

27. The average age of three persons is 60 years. The 
average age of the first and second is 52 years, and of the 
second and third is 70 years. Find the age of each. 

28. A miller mixes com worth $ .60 a bushel with oats 
worth $.45 a bushel, making a mixture of 100 bushels, 
worth $. 54 a bushel. How many bushels of com does he 
use? 
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29. Two men are 12 miles apart. If they set out at the 
same time and travel in the same direction^ they will be 
together in six hours ; but if they travel in opposite diref* 
tions toward each other^ they will be together in two hours. 
At what rate do they travel ? 

SO. A man can row 15 miles down a river in 3 hours, but 
it takes 5 times as long to row the same distance up the 
river. At what rate can he row on still water ? 

31. The sum of the first and last digits of a number 
exceeds six times the tens' digit by three. If the first and 
last digits be interchanged, the number will be diminished 
by 99 ; and if the digits in units' and tens' places be inter- 
changed, the number will be increased by 45. Find the 
number. 

32. A man paid $11 for oranges, buying some of them 
at eighteen for 25 cents, and the rest at sixteen for 25 
cents. He sold them all at 25 cents a dozen and gained 
$4.50. How many oranges did he buy? 

33. If the numerator of a fraction be doubled and 2 
added to the denominator, its value will be f ; and if the 
denominator be doubled and 3 added to the numerator, its 
value will be |. What is the fraction ? 

34. A and B together had $99,000. After A had lost | 
of his money in speculation and B f of his, they together 
had $ 61,000 left. How much had each at first ? 

36. A man invested $20,000, partly in 4% bonds, and 
partly in 5% bonds. The annual income from the 4% 
Isonds exceeds the annual income from the 5% bonds by 
$ 126. How much did he invest at 5 per cent ? 

36. A and B can do a piece of work in a days ; B and C 
can do it in b days ; A and C can do it in c days. In how 
many days can each do the work ? 
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37. Eight years ago a man was three times as old as his 
soiiy and five years hence four times the son's age will equal 
twice the father's age. Find the age of each. 

38. A certain number exceeds five times the sum of its 
two digits by twenty ; and if the number be divided by the 
left-hand digit, the quotient will be ten and the remainder 
five. Find the number. 

39. After A had sold sixty-two sheep to B and eighteen 
to G, they each had the same number. Before A made 
these sales, he lacked only eight sheep of having as many 
as B and C together. How many have all ? 

40. If a rectangular piece of paper were three inches 
shorter and two inches wider, the area would be 11 square 
inches less ; but if a strip two inches wide be cut off around 
the paper, the area will be diminished 124 square inches. 
Find the area of the paper. 

41. A miller bought 40 bushels of com and 30 bushels 
of oats for $ 45. At another time he bought at the same 
prices 43 bushels of oats and 6b bushels of corn for $ 62.75. 
Find the cost of four bushels of each. 

42. A crew can row 12 miles down a river in 2 hours, 
but it takes them twice as long to row the same distance up 
the river. Find the rate»of the current. 

43. In nine months a certain sum of money, at simple 
interest, will amount to $ 996, and in sixteen months it will 
amount to $ 1024. Find the sum invested. 

44. In 7 hours A walks 11 miles more than B does in 6 
hours ; and in 12 hours B walks 23 miles more than A does 
in 5 hours. How many miles does each walk per hour ? 

46. The sum of the two digits of a number is 15 ; and if 
the digits be interchanged, the resulting number will exceed 
the given number by 27. Find the number. 
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46. A man has silver dollars, half-dollars, and quarters, 
together worth $ 46. One-half of his dollars and one-fifth 
of his half-dollars are worth $12.60; one-seventh of his 
half-dollars and one-third of his quarters are worth six 
dollars. How many coins has he ? 

47. A and B can do a piece of work in 8^ days; but if 
they work together six days, B can finish the work in six 
days more. In how many days can each do the work ? 

48. Two wheelmen race a mile, and A wins by 5 seconds. 
In the second trial B has a start of 56 yards and wins by 2 
seconds. Assuming that each rides at a uniform rate, in 
how many seconds can each ride a mile ? 

49. A boy bought some peaches at the rate of three for 
five cents, and some at a cent apiece, paying $ 3 for all of 
them. He sold them all at two cents apiece and gained 
$ 1.40. How many peaches did he buy ? 

60. The numerator of the larger of two fractions is 5, 
and the numerator of the smaller fraction is 7. The sum 
of the fractions is 1^; and if the numerators be inter- 
changed, their sum will be 1^^. Find the fractions. 

61. A man bought a piece of land. If he had bought 
20 acres more for the same money, it would have cost $ 5 
leps per acre ; but if he had bought ten acres less for the 
same money, it would have cost four dollars more per acre. 
How much did he pay for the land ? 

62. In m years a certain sum of money, at simple interest, 
will amount to a dollars, and in n years it will amount to b 
dollars. Find the sum invested. 

63. A merchant sold thirty-six yards of silk, part of it 
at $ 1.25 a yard, and the rest at two dollars a yard, receiv- 
ing fifty-seven dollars for the whole. How many yards of 
the better silk did he sell ? 
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64. There are three numbers such that two-thirds of the 
first and three-fifths of the second together make eighty- 
five ; two-thirds of the second and three-fifths of the third 
together make one hundred four; two-thirds of the third 
and three-fifths of the first together make ninety-six. Find 
the sum of the three numbers. 

55. Two men race 440 yards. In the first trial A gives 
B a start of 13 seconds, and B wins by 20 yardiQ ; in the 
second trial A gives B a start of 88 yards, and the race is a 
tie. Assuming that each runs at a uniform rate, hr^w many 
yards can each run in a minute ? 

56. The sum of the three digits of a number is 14. If 
the number, diminished by 10, be divided by the sum of its 
digits, the quotient will exceed 5 times the sum of the first 
and last digits by 8; and if 197 be subtracted from the 
number, all the digits will be the same as the tens' digit in 
the given number. Find the number. 

57. A grocer has two measures. Twelve times the ca- 
pacity of the larger or eighteen times that of the smaller 
will fill a certain vessel. If he fills the vessel, using both 
measures 16 times in all, how many times must he use each ? 

58. A man can row 3 miles with the current in 45 min^ 
utes, and 2 miles against the current in 1 hour and 20 
minutes. At what rate can he row on still water? 

59. If the length of a rectangle were five feet less and 
the width four feet more, the figure would be a square of 
the same area as the given rectangle. What is the area 
of the rectangle ? 

60. A tank has three pipes. A and B will empty it in 
1 hour ; B and C will empty it in 2 hours; A and C will 
empty it in 1 hour and 12 minutes. How many minutes 
will it take each pipe to empty the tank? 
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61. A pound of tea and four pounds of coffee cost $2. 
At prices 80% higher, 8 pounds of tea and 6 pounds of coffee 
would cost $ 5.46. Find the price of the tea. 

62. A marketman bought eggs, some at 3 for 4 cents, and 
some at the rate of 5 cents for 4, paying $ 4 for all of them. 
He found 22 that were unsalable, and he sold the remainder 
at 22 cents a dozen, making a profit of one dollar twenty- 
eight cents. How many did he buy ? 

63. A certain number is expressed by two figures. If 
the number be divided by the sum of its digits, the quotient 
will be seven and the remainder six. If the digits be inter- 
changed and the resulting number divided by the sum of its 
digits, the quotient will be three and the remainder two. 
Find the number. 

64. A man bought a certain number of sheep. If he had 
bought 5 more for the same money, they would have cost 
50 cents less apiece ; but if he had bought 5 less for the 
same money, they would have cost 75 cents more apiece. 
How much did he pay for the sheep ? 

65. A wife, son, and daughter inherit $ 30,000. One-fifth 
of the wife's share added to one-third of the son's share and 
one-fourth of the daughter's share makes 9 7500 ; and ^ of 
the wife's share added to ^ of the daughter's share exceeds 
^ of the son's share by $1700. What part of the whole 
sum does the daughter receive ? 

66. If I invest my money at 5 per cent for a given time, 
I shall receive $405 interest; but if I invest it at the same 
rate for 2 J years longer, I shall receive $1080 interest. 
How much money have I ? 

67. A and B can do a piece of work in a days; but if 
they work together b days, B can finish the work in c days 
more. In how many days can each do the work ? 
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68. A boy bought at one time 4 apples and 5 pears for 
16 cents; at another time, 3 pears and 6 peaches for 21 
cents ; at another time, 5 pears and 6 oranges for 28 cents ; 
and at another time, 4 peaches and 5 oranges for 25 cents. 
Find the price of each kind of fruit. 

69. Three boys played at marbles. B and C each won 
from A as many as they had at first ; A and C each won 
from B as many as they then had; and A and B each 
won from C as many as they then had. Each boy then had 
S8 marbles. How many did A and B together have at first ? 

70. A boatman can row a miles down a river in m min- 
utes and b miles up the river in n minutes. At what rate 
per hour can he row on still water ? 

71. A and B engaged in business, B having $ 2400 more 
capital than A. After A had lost one-fifth of his capital 
and B one-third of his, they found that they each had the 
same sum left. How much did both invest ? 

72. A merchant has tea worth 50 cents a pound, and 
another kind worth one dollar a pound. How many pounds 
of each kind must he take to make a mixture of twenty-five 
pounds, worth seventy-two cents a pound? 

73. If a certain floor were 3 feet longer and one foot 
wider, it would require 7 square yards more of carpet to 
cover it ; but if the length were 3 feet less and the width 2 
feet less, it would require 8 square yards less of carpet to 
cover it. Find the area of the floor. 

74. The hundreds' digit in a number exceeds the tens' 
digit by four times as much as the units' digit exceeds the 
tens'. If the number be divided by the sum of its digits, 
the quotient will be 70 and the remainder 3 ; and if 694 be 
subtracted from the number, the first and last digits will be 
interchanged. Find the number. 
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75. Half of A's money is $ 1400 more than one-fifth of 
B's and C's together; five-ninths of B's is equal to the 
excess of A's over C's ; and the sum of A's and G's lacks 
$ 4000 of being 3 times B's. How much have all ? 

76. A merchant divided a sum of money among his four 
employees, giving A $ 35 more than D. A received half as 
much as the other three ; B received one-third as much as 
the other three ; and G received one-fourth as much as the 
other three. How much did all receive ? 

77. In m months a certain sum of money, at simple inter- 
est, will amount to a dollars, and in n months it will amount 
to b dollars. Find the sum invested. 

78. A boy bought a certain number of oranges. If he 
had bought 20 more for the same money, they would have 
cost half a cent apiece less ; but if he had bought 20 less 
for the same money, they would have cost a cent apiece 
more. How much did he pay for the oranges ? 

79. A train, after running 1 hour from A toward B, met 
with an accident, which delayed it 30 minutes. The train 
then proceeded at f of its former rate and arrived at B 90 
minutes late. If the accident had happened 15 miles nearer 
A, the train would have been 100 minutes late. How far 
from B did the accident occur ? 

80. A boy expended one dollar for pears, buying some at 
two for a cent, and the rest at three for a cent. He sold 
them all at the rate of two cents for three and made fifty 
cents. How many pears did he buy ? 

81. A boatman can row down a river a distance of 15 
miles, and back again, in 9 hours ; and the current is such 
that he can row 3^ miles up the stream in the same time 
that he can row 7 miles down the stream. How long does 
it take him to go down the fifteen miles 7 
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82. A and B can do a piece of work in 6} days ; B and 
C can do it in 8^ days. If A can do 1^ times as mucli as 
C, in how many days can each do the work ? 

83. A man has $ 27,000 invested, partly at 3^ per cent, 
partly at 4 per cent, and partly at 5 per cent, from which 
he receives an annual income of $ 1126. The sum invested 
at 3^% is equal to ^^ of the sum of the other two invest- 
ments. Find the sum invested at 3^%. 

84. Two athletes run half a mile. In the first trial A 
gives B a start of 88 yards and is beaten by 8 seconds ; in 
the second trial B has a start of 36 seconds and is beaten 
by 7^ yards. Assuming that each runs at a uniform rate, 
in how many minutes can each run a mile ? 

86. A certain number is expressed by two digits. If the 
number be divided by ten, the quotient will be seven and 
the remainder five; but if the number be divided by the 
sum of its digits, the quotient will be six and the remainder 
three. Find the number. 

86. A, B, and C have farms adjoining. If A should buy 
40 acres of B, A would have twice as many acres as B 
would have left; if B should buy 60 acres of C, C would 
have left •} as many acres as B would then have; if 
should buy 126 acres of A, C would have 3 times as many 
acres as A would have left How many acres have all ? 

87. A miller has rye worth 70 cents a bushel, com worth 
GO cents a bushel, and oats worth 40 cents a bushel. He 
wishes to make a mixture of 100 bushels of the three kinds 
of grain, worth 56 cents a bushel, and use twenty bushels 
of rye. How many bushels of com must he use ? 

88. A dealer sold 50 barrels of flour at an average price 
of $3.22, selling part of it at $3 and the rest at $3.50. 
How many barrels did he seU at $ 3.50 ? 
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89. The difference between two fractions, which have 
the same denominator, is }. If 2 be added to the numera- 
tor of the smaller, its value will be ^ of the larger ; if 2 be 
subtracted from the numerator of the larger, its value will 
be 3 times the smaller. Find the fractions. 

90. A grocer has three kinds of tea. A mixture of 4 
pounds of the first and 6 pounds of the second is worth 
$ .62 a pound; a mixture of 6 pounds of the second and 4 
pounds of the third is worth $ .68 a pound; a mixture of 
5 pounds of the first and 5 pounds of the third is worth 
$ .60 a pound. Find the price of each kind of tea. 

91. A railway train, after running 45 minutes from A 
toward B, met with an accident, which delayed it 20 min- 
utes. The train then proceeded at f of its former rate and 
arrived at B 65 minutes late. If the accident had happened 
36 miles farther on, the train would have been only 50 
minutes late. Find the distance from A to B. 

92. A man made two investments, one at 3^ per cent, 
and the other at 4^ per cent. His income from both invest- 
ments in two years was 9 2600. If he had made the first 
investment at 4^ per cent, and the second at 3^ per cent, 
the income from both investments would have been $ 2520. 
Find the whole sum invested. 

93. A man bought 600 oranges, some at four for 10 cents, 
and the rest at six for 10 cents. He lost two dozen and sold 
the remainder at 35 cents a dozen, gaining $3.80. How 
many of the better ones did he buy ? 

94. Two wheelmen race a mile. In the first trial A gives 
B a start of 176 yards and wins by 30 seconds ; in the sec- 
ond trial A gives B a start of 1 minute and 9 seconds, and 
B wins by 66 yards. Assuming that each rides at a uniform 
rate, in what time can each ride a mile ? 
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95. A cistern can be emptied by two pipes in 3 hours. 
If both pipes are open 2 hours, and then A is closed, it will 
take B 2 hours and 30 minutes longer to empty it. How 
long will it take each pipe to empty it ? 

96. The sum of the three digits of a number is ten, the 
tens' digit being zero. K the first and last digits be inter- 
changed, the number will be increased by five hundred 
ninety-four; and if the number be divided by five times 
the sum of its digits, the quotient will be four and the 
remainder eight. Find the number. 

97. A boatman rowed down a river, which flows at the 
rate of 1} miles an hour, going a certain distance in 1 hour 
and 12 minutes. It took him 3 hours and 36 minutes to 
return. How many miles did he row ? 

98. A man divided a sum of money equally among a 
certain number of boys. If there had been a more boys to 
receive the same sum, each one would have received m dol- 
lars less ; but if there had been b less boys to receive the 
same sum, each one would have received n dollars more. 
Find the number of boys and each boy's share. 

99. A, B, and C together had one hundred twenty dol- 
lars. A gave to B and G as much as each of them already 
had ; B gave to A and C as much as each of them then had ; 
G gave to A and B as much as each of them then had, and 
it was then found that they had equal amounts. How 
much did B and G together have at first ? 

100. A boy has fifteen dollars in 6-dollar bills, half- 
dollars, quarters, and dimes, and he has eight times as 
many coins as bills. If his half-dollars were quarters and 
his quarters half-dollars, he would have $ 14.25 ; if his 
dimes were quarters and his quarters dimes, he would have 
$16.15. How many pieces of money has he ? 

To THB Tbaohxs. —Teach 264 • • • • 268. 
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1. Quantity is the amount or extent of anything that can 
be measured. 

2. The Measnre of a quantity is the number of times it 
contains some other quantity of the same kind taken as a 
unit, or standard of comparison. 

3. Number is the relation between any quantity and its 
measuring unit. All quantities can therefore be expressed 
by numbers. Number and quantity are synonymous terms, 
but the term quantity is used in algebra more frequently 
than the term number. In this treatise both terms will be 
found. 

4. Sfathematics is the science which treats of the proper- 
ties, measurement, and relation of quantities. Prominent 
among the branches of mathematics are Arithmetic, Alge- 
bra, and Geometry. 

6. Arithmetic is that branch of mathematics which 
treats of the nature and properties of numbers, the vari- 
ous methods of combining and resolving them, and their 
application to practical affairs. 

6. Algebra is that branch of mathematics in which figures 
and letters are used to represent numbers. It treats of 
numbers in the way of finding general truths in regard to 
them, but the special function of algebra is to treat of the 
nature and transformation of equations, the methods of 
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solving them^ and their application to the solution of 
prqblems. 

NOTATION. 

7. A System of Notation is a system of symbols by 
means of which quantities, the relations between them, 
and the operations to be performed upon them, can be 
more concisely represented than by the use of words, 

8. A Sfathematical Symbol is a mark or character which 
has a distinct meaning. 

9. The symbols employed in algebra are as follows : 

1. Symbols of Number. 

2. Symbols of Operation, 

3. Symbols of Eelation. 

4. Symbols of Grouping. 

6. Symbols of Continuation. 
6. Symbols of Deduction. 

Symbols of Numbeb. 

10. The Symbols of Number are the Arabic figures, and 
letters of the alphabet. 

In algebra, letters are used to represent numbers, and 
these, unlike the figures used in arithmetic, represent any 
numbers that may be assigned to them. Letters are thus 
used as general symbols of numbers. It must be remem- 
bered, however, that in any particular example or problem, 
a given letter represents the same number or numbers 
throughout the whole solution. 

To THB Tbachbr. — Impress upon students from the beginning, 
and always emphasize the fact, that the letters used in algebra are 
not arbitrary symbols without meaning or signification, but that 
every letter, every combination of letters, and every combination 
of figavM and letters, represents some number. 
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11. When a problem in algebra involyes several like 
numbers which differ in numerical value, they are often 
represented by the same letter with different accents or 
different subscript figures. 

a' is read aprimey a" is read a second^ 

a'" is read a thirds a"" is read afourth, 

Oi is read a sub (me, a^ is read a suh two, 

0, is read a sub threes a^ is read a sub four. 

12. The Algebraic Notation is the method of expressing 
numbers by letters and figures. Since letters are used, the 
algebraic notation is called a lUerdL notation. 

13. It will be remembered that the whole of a number 
expressed in the decimal notation is equal to the sum of 
the parts represented by the several digits. 

456 = 400 + 50 + 6. 
2178 = 2000 + 100 + 70 + 8. 

This is not the law of the algebraic notation. When a 
number is expressed by several letters, written without 
any sign between them, the whole number is equal to the 
product of the parts represented by the several letters. If 
figures are used with the letters to represent the number, 
the sign of multiplication is also understood between the 
figures and letters. 

aibxy =:axbxxxy. 

6a6c = 6 xaxbxc 

25bxy = 25 xbxxxy. 

This is known as the law of the algebraic notaMon. 

14. Law of the Algebraic Notation. — TVhen sev^ 
eraZ letters are ivriUen in connecMon ivithout any 
sign between them, their product is indicated. 
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15. Known Numbers, or Known Quantities, are those 
whose values are given. They are represented by figures, 
or by the first letters of the alphabet. 

16. Unknown Numbers, or Unknown Quantities, are those 
whose values are to be found. They are represented by 
the last letters of the alphabet. 

Symbols of Opebation. 

17. The Symbols of Operation, generally called siffna, are 
characters that indicate the operations to be performed 
with numbers. They are as follows: 

1. The Sign of Addition. 

2. The Sign of Subtraction. 

3. The Sign of Multiplication. 

4. The Sign of Division. 
6. The Sign of Ratio. 

6. The Sign of Involution. 

7. The Sign of Evolution. 

18. The Sign of Addition is an upright cross. + It is 
read plvsy and it indicates that the number after the sign 
is to be added to the number before it. 

19. The Sign of Subtraction is a short horizontal line. — 
It is read minus, and it indicates that the number after the 
sign is to be subtracted from the number before it. 

20. The Sign of Multiplication is an oblique cross, x 
It is read muttipUed by, or timeSf and it indicates that the 
number before the sign is to be multiplied by the number 
after it. 

Multiplication is also indicated in algebra by writing the 
letters in connection without any sign between them; also 
by placing a dot between the letters. 

6xax&xc=:6a&c=:6*a*&*a 
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81. The Sign of Division is a short horizontal line placed 
between two dots. -^ It is read divided by, and it indi- 
cates that the number before the sign is to be divided by 
the number after it. 

Division is also indicated by writing the dividend over 
the divisor with a line between them ; also by writing the 
divisor at the right of the dividend with the colon between 
them. 

b 

22. The Sign of Ratio is two dots in the form of a colon. : 
It is read is to, and it means the same as division. 

23. An Exponent is a symbol of number written at the 

right and a little above another symbol of number. It 

may be an integer or a fraction. When no exponent is 

expressed^ 1 is always understood. 

i I 

cf x^ <f ir }f 

24. A Positive Integral Exponent, or Symbol of Involution, 

indicates that the quantity affected by it is to be taken as 
a factor as many times as there are units in the exponent. 

cf=axaxa. m^ = mxmxmxmxm. 

25. A Power of a quantity is the product obtained by 
using the quantity a certain number of times as a factor. 

27 is the third power of 3. a' is the third power of a. 
32 is the fifth power of 2. sd^ is the fourth power of 05. 

26. The Factors of a quantity are the quantities which 
multiplied together will produce that quantity. 

The factors of a number or quantity may be equal ox 
unequal One of the equal factors of a number is a root. 

I 

( 
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27. A Root of a number is one of its equal factors. 

Two is a root of 4^ S, 16, and 32, because it is one of the 
equal factors of each of them ; 3 is a root of 9, 27, and 81, 
because it is one of the equal factors of each of them. 

28. The Square Root of a number or quantity is one of 
its two equal factors. 

2 is the square root of 4. 

3 is the square root of 9. 
5 is the square root of 25. 
7 is the square root of 49. 

29. The Cube Root of a number or quantity is one of 
its three equal factors. 

3 is the cube root of 27. 

4 is the cube root of 64. 

5 is the cube root of 125. 

30. The Sign of Evolution is the radical sign, V~ When 
it is placed before a number, it indicates that a root of the 
number is required. Evolution is also indicated by a frac- 
tional exponent. 

The radical sign alone indicates the square root 

Any other root than the square root is indicated by a 
number, called the index, written in the opening of the 
radical sign. 

The expression V36 m eans the square root of 36. 

The expression \^16a means the fourth root of 16 a. 

Symbols of Eelation. 

31. The Symbols of Relation are the following: 

1. The Sign of Equality. 

2. The Signs of Inequality. 
8. The Sign of Proportion, 
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33. The Sign of Equality is two short horizontal lines 
placed one above the other. = It is read eqiuils, or is 
equal to, and it indicates that the numbers between which 
it is placed are equal. 

33. The Signs of Inequality are > and <. They are 
read is greater than, and is less than, the opening of the 
sign being toward the greater number. 

34. The Sign of Proportion is the double colon. : : It is 
read as, and its signification is the same as the sign of 
equality. 

Symbols of Grouping. 

36. The Symbols of Grouping are the parenthesis ( ), 
brace { }, brackets [ ], and vinculum . They indicate 

that the quantities inclosed by them are to be treated as 
one quantity. 

The vinculum is used in connection with the radical sign. 
The line between the numerator and denominator of a frac- 
tion also has the force of a vinculum. These symbols of 
grouping are also called symbols of aggregation, 

36. The Sign of Continuation is a series of dots .... or 
dashes . It is read and so on. 

37. The Sign of Deduction is .-.. It is read hence or 
therefore. 

Algebraic Expressions. 

38. An Algebraic Expression is the representation of any 
quantity in the algebraic notation. 

Qcy 2 a — Zb Ba*b? 

39. A Term is an algebraic expression whose parts are 
not connected by the sign of addition or subtraction. 

abc 2ax3x 8a-i-2c 2a(a&~3c) > 
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NoTB. — It most be remembered that when no sign ol gronphig is 
used, the signs of multiplication and division indicate operations 
within a term, while the signs of addition and subtraction indicate 
operations between terms. 

When a sign of grouping is used, the sign of addition or subtraction 
may indicate an operation %joUhin a term. 

2 a(x — y) and Zx(2 a + 6 — 3 c) are terms. 

40. Positive Terms are terms preceded by the sign of 
addition. If no sign is expressed, the term is positive. 

3ac +05^ +4mn ^abx 

41. Negative Terms are terms preceded by the sign of 
subtraction. 

--aho —6 OOP — ajy» — 9ac 

42. The signs of addition and subtraction^besides being 
nsed as symbols of operation, are also used in algebra to 
denote qualities that are opposite in kind, direction, or 
effect 

If a man gains $500 and then loses $200, he has a positive gain of 
$300. If a man gains $300 and then loses $700, he has a negative 
gain, or loss, of $400. If a man walks east from a certain point 9 
miles and then walks west 6 miles, he has made a positive advance of 

3 miles in the direction in which he started. If he walks east 10 miles 
and then walks west 14 miles, he has made a negative advance of 

4 miles, or he is 4 miles west of the starting point. If a man^s 
assets are $8000 and he owes $3500, he is really worth only $4600. 
If his assets are $ 0000 and he owes $ 15,000, his net indebtedness is 
$6000. 

In all the preceding examples, the quantities are so re- 
lated that when they are combined, the numerically smaller 
number cancels part of the larger number. To indicate the 
opposite character of these quantities, the terms poaUive and 
negative are used. 



V 
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43. A Coefficient is a factor of a term. 

By the law of the algebraic notation, 5, a^ b, and e are the 
factors of the term 5 dbc. The numerical factor is 5, and 
the literal factors are a, b, and c. Every algebraic term 
has a numerical factor. When no numerical factor is ex- 
pressed, 1 is always understood. 

The first factor of a term, numerical or literal, is gener- 
ally thought of as the coefficient, but any factor of a term, 
or the product of any factors, may be considered the coeffi- 
cient of the rest of the term. 

In the term 4xy, 4 is the coefficient of xy; ^x ia the coefficient of 
y ; 4 jf is the coefficient of x. 

In the term abcx^ 1 is the coefficient of abcx ; a is the coefficient of 
bcx ; ab is the coefficient of ex ; abc is the coefficient of x. 

In the term 4(a — c), 4 is the coefficient of (a — c). In the term 
(a + &)x, (a + &) is the coefficient of x. 

44. Similar Terms are terms having the same letters and 
the corresponding letters affected with the same exponent. 

a^(f &abV SabV 7a^(f 

NoTB. — The following terms are partly similar : 

abx, bcx, and 2 dx are similar with reference to x. 
axy, bxy, and 4 x^ are similar with reference to xy. 

45. Dissimilar Terms are terms containing different let- 
ters, or terms containing the same letters, the corresponding 
letters being affected with different exponents. 

dby cdy and xy are dissimilar terms. 
0^, 2^, and o^V ^^ dissimilar terms. 

46. The Degree of a term is the number of literal factors 
it contains. It is determined by the sum of the expon^its. 

4ac, a6, and a' are terms of the second degree. 
6 abCy aj^, and 2* are terms of the third degree. 
6a%^, QcyTff and 600* are terms of the fourtk degree. 
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47. A Monomial is an algebraic expression of one term. 

Sabx 4:a^c jrVa;' 16aar 

NoTB. — A monomial, or algebraic expression of one term, is &lao 
called a simple expression, 

48. A Polynomial is an algebraic expression of two or 
more terms. 

2a-'Sx a + &~3 2a'-bx + 3cd-4:ay 

Note. — A polynomial, or algebraic expression of two or more 
terms, is also called a compound expression. 

49. A Binomial is a polynomial of two terms. 

a-f& 6x — 1 Sac-{-5xy 

60. A Trinomial is a polynomial of three terms. 

a + b — c a — aj — 1 2a'6 — 4&'c-faj*yV 

61. Homogeneotts Terms are terms of the same degree. 
aV Ta^y 2cuxx? abcdx 

62. A Homogeneous Polynomial, or Homogeneous Quantity, 

is a polynomial whose terms are of the same degree. 

3 a'c + a^ - 8 6c» + 7 i«* - 2 &c(P 

63. An Arranged Polynomial is a polynomial whose terms 
are arranged according to the exponents of the same letter, 
the exponents ascending or descending in regular order. 

3a*& -f 2a*c -'5aH'{'6a^ — a'\-2 

54. The Reciprocal of a quantity is 1 divided by that 
quantity. 

66. The Numerical Value of an algebraic expression is the 
number obtained by assigning a numerical value to each 
letter and performing the indicated operations. 
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ADDITION. 



56. Addition is the process of uniting two or more qima- 
tities into the simplest expression called their sum. 

57. To add two or more similar positive terms. 

Since 6a is 5 times a, and la is 4 times a, the warn of 6a and 4a is 
6 times a plus 4 times a, or 9 times a, or 9 a ; for 6 times any quantity 
plus 4 times the same quantity is 9 times that quantity. 

If more than two positive terms are to be added, the reasoning is 
the same. 

58. To add two or more similar nes^ative terms. 

Since — 7 a is 7 times — a, and - 6a is 6 times - a, the smn of 

— 7 a and — 6a is 7 times — a plus 6 times — a, or 12 times — a, or 
— 12 a ; for 7 times any quantity plus 6 times the same quantity is 
12 times that quantity. 

If moie than two negative terms are to be added, the reasoning is 
the same. 

59. To add similar positive and negative terms. 

The sum of the positive The sum of the positive 

^ <> terms is 11 a, and the sum ^ ^ terms is 8 a, and the sum 

— 2a of the negative terms is ""®^ of the negative terms is 
7 a — 8 a. When these terms ^ ^ — 17 a. When these terms 

— Q<» are combined, the — 8 a ~^^ are combined, the 8 a can- 
3g cancels 8a of the 11a, .Qa <^ls —8a of the —17a, 

and the sum is 3 a. and the sum is — 9 a. 

60. Principles. — 1. Ordy similar terms, or terms pardy 
similar^ can be united into one. 

2, The sum of two quantities, one positive and the other 
negative, is their jiumerical difference with the sign of the 
greater prefixed. 

61. To add sjnilar terms. 

Rule. — If the signs are alike, add the coefficients, to their 
sum annex the literal part, and give the result the common sign. 
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If the signs are unlike, add the positive terms and the nega- 
tive terms separately, subtract the less sum from the greater, 
and give the resuU the sign of the greater. 





EXAMPLES. 




4a6 


— 36c Bxy 


-2a*x lahf 


2ab 


— 5bc —2xy 


la^x —Ba^ 


ab 


--be xy 


- a^x 2ah/ 


6ab 


— 36c Sxy 


-9a*aj a^y 


Sab 


— 6c —2xy 


3a«» — 2a^ 


16 a5 


-136c lOxy 


-2a^ 3ajV 


62. To add dissimilar terms. 




EULE. — 


Write the terms in succession, giving each term its 


own sign. 


EXAMPLES. 




6aG 


5xy 


8cd 


2bd 


--2cd 


Sax 


— c 


z 


-2y 


eac-{'2bd 


— c 5xy — 2cd-\-z 


8cd + 3aa?-2y 



63. To add terms that are partly similar. 

EuLE. — Indicate the addition of the dissimilar parts, and 
write the result in a parenthesis as a compound coefficient of 
the similar part. 

EXAMPLES. 



ax 


ac 


3y 


ai^ 


bx 


-bo 


oy 


~b3? 


— X 


2c 


_2y 


aa? 



(a -1-6-1)0? (a-6 + 2)c (a + l)y (2a-6)a« 

64. To add polynomials. 

Rule. — Write the polynomials so that similar terms shall 
be in a column, and add eo/ch column according to the rule for 
addition of similar terms. 
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EXAMPLE. 



6a6 + 3ac - 26c 4- 36cf 4- Sajy -7«" 
Sab— ac — 7M + 2a?y 

5ac— be +Ssf 

— a6 +3bc — 4a?y +6 

ac +2bd +42« 

7ai> + Sac ~26d4-3a?y +6 

SUBTRACTION. 

65. Sat>tractioii is the process of finding the difference 
between two quantities. 

66. The BOnaend is the quantity from which another 
quantity is to be subtracted. 

67. The Subtrahend is the quantity to be subtracted. 

68. The Remainder is the quantity obtained by subtrac- 
tion. 

69. Pbinciple. — The minuend is equal to the aum of the 
subtrahend and remainder. 

70. To perform subtraction. 

9a 3a —9a —3a — 9a — 3a 9a 3a 
3a 9a -3a -9a 3a 9a — 3a — 9a 



6a -6a -Ga 6a -12a -12a 12a 12a 

The above examples represent all possible cases in subtraction with 
reference to the signs and relative numerical value of minuend and 
subtrahend. The signs may be alike or unlike, and the minuend may 
be numerically greater or Icr" than the subtrahend. 

Since algebra deals with positive and negative quantities, and since 
the subtrahend may be either numerically less or greater than the 
iLmuend, it is evident that the method of subtraction pursued in 
arithmetic cannot, in eveiy case, under these different condittoM^ 
l^ye tb# OQcxect leamu 
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There is nothing in the nature of subtraction in algebra that makes 
it necessary to proceed in the same manner in every example. It is 
only necessary to obtain a quantity which added to the subtrahend 
will produce the minuend. 

It is easily determined by inspection of the abore examples that 
6a, —da^ — 6a, 6a, — 12a, — 12a, 12a, and 12a are the quantities 
which added to the several subtrahends will produce the minuends. 

An examination of the work shows that each remainder could have 
been obtained by changing the sign of the subtrahend and adding it 
to the minuend. 

Since the correct remainder, in every example^ may be obtained in 
this manner, and since it is desirable to have a uniform method for 
all examples, this method of subtraction is adopted. 

71. EuLB. — Conceive the sign of the subtrahend to be 
changed from + to — or from — to -h, and then proceed as 
in addition. 

Note. — Students should test their work in subtraction by deter- 
mining whether the sum of the remainder and subtrahend is equal to 
the minuend. 

72. To subtract one term from another, the two terms being 
partly similar. 

Rule. — Indicate the subtraction of the dissimilar part in 
the subtrahend from the dissimilar part in the minuend, and 
write the result in a parenthesis as a compound coefficient of 
the similar parL 

EXAMPLES. 

aa by aa? — j^ 

bx '^cy Q? —63/* 



{a-b)oi (p + c)y (a-l)cB« (p^l)f 

78. If a polynomial is inclosed by a parenthesis or other 
sign of grouping, and there is a minus sign before it, the 
parenthesis or other symbol may be removed by changing 
the signs of the terms in it 
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If a polynomial is placed within a sign of grouping and 
preceded by a minus sign, the signs of the terms placed 
within the sign of grouping must be changed. 

MULTIPLICATION. 

74. Multiplication is the process of taking one quantity 
as many times as there are units in another. 

75. The Multiplicand is the quantity to be taken. 

76. The Multiplier is the quantity that shows how many 
times the multiplicand is to be taken. 

77. The Product is the quantity obtained by multipli- 
cation. 

78. The multiplicand and multiplier are factors of the 
product. 

79. To perform multiplication. 

a a —a —a 

The above examines represent all possible cases hi multiplication 
with reference to the signs of the multiplier and multiplicand. 

Multiplication is the process of taking one quantity as many times 
as there are units in another, or it may be defined as the process of 
uniting two or more equal quantities. The multiplicand represents 
one of the equal quantities, and the multiplier indicates how many of 
the equal quantities are to be united. 

Uniting two &*s,the result is 2 & ; uniting three 5's, the result is 3 & ; 
uniting four &'s, the result is 4 & ; uniting five &*s, the result is 5 & ; 
uniting any number of &*s, a representing any number, the result is &h. 
Hence the correct product of h and a is ah. 

Uniting two — ft's, the result is — 2 6 ; uniting three — 6's, the 
result is —36; uniting four — d's, the result Is — 4 & ; uniting five 
— 6'8, the result is — 5 & ; uniting any number of — 6»s, a represent- 
ing any number, the result is — ad. Hence the correct product of — 6 
and a is — a&. 
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As has been proyed in the first example, the product of h and a is 
ab. Since the multiplier in the third example is negative, the product 
must be of the opposite quality from what it would be if the multiplier 
were positive. Therefore the correct product of h and — a is — a&. 

As has been proved in the second example, the product of — 5 and 
a is — a&. Since the multiplier in the fourth example is negative, the 
product must be of the opposite quality from what it would be if the 
multiplier were positive. Therefore the correct product of — & and 
— a is a5. 

It appears from the above that when the multiplier and multiplicand 
have like signs, the product is positive ; and when they have unlike 
signs, the product is negative. 

By the application of this law to more than two quantities, it 
follows that : 

The product ^ any number of positive quantities Is positive. 
The product of an even number of negative quantities is positive. 
The product of an odd number of negative quantities is negative. 

Since the product must contain all the factors of the multiplier and 
multiplicand, the numerical factor in the multiplicand must be multi- 
plied by the numerical factor in the multiplier ; and if the same letter 
is used in the two factors, it must appear as a factor as many times in 
the product as it is used in multiplier and multiplicand, and this will 
be indicated by the sum of its exponents. 

5a X 3a> = 6«3-aaa = 16a>. 
7 a V X 2 a^x = 7 • 2 . aaaxxaax = 14 cW. 

80. Principles. — 1. The product of two quantities is 
positive when they have like signs, 

2. The product of two quantities is negative when they have 
unlike signs* 

3. The product of any number of positive quantities is 
positive. 

4. The product of an even number of negative quantities ia 
positive. 

5. The product of an odd number of negative quantities is 
negative. 
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81. To find the product of two or more monomials. 

Bulb. — To tJie product of the numerical coefficients annex 
the literal qtiantitiea, giving each letter an eopponent equal to 
the sum of the exponents of that letter in the several monomials. 
Give the result the proper sign, 

EXAMPLES. 

3a -2h gy '-'2cd? -2a^caf' 

12a' 10 6» ~4aj*3^ -6a6«cd» ea^b^'c'ar 

To THB Tbachbk. — After students have written the products m 
multiplication of monomials, require them to give the same rapidly at 
sight 

82. To multiply a polynomial by a monomial. 

Rule. — Multiply edch term of the multiplicand by the mtd' 
tiplier according to the rule for multiplication of monomials. 

EXAMPLE. 

6aWc-4aWc + 3a*&-26«c 
2aVc 



10aWc*-8a*6V + 6a*6*c-4aVc« 

83. To multiply a polynomial by a polynomial. 

BuLE. — Arrange the multiplicand and multiplier with 
reference to the same letter. Multiply each term of the muUi- 
plicand by e(ich term of the multiplier, and add the partial 
products. 

EXAMPLES. 

1. 4a«6«- 3a«y+ 2al)^ +2V 

2a% ~ 2a6' + V 

8aW- 6a*6*+ 4a»6«rf4aV 

- %a^b^^ 6a»6*-4aV-4a6' 

4a»y-3a'6^ + 2a6^-f-25» 

8aW-14a*6* + 140^*6* -3a*6«-2a6' + 26» 
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2. a -6 +2 

c +» -3 



FORMULAS. 

84. A Formula is an algebraic expression of a general 
rule or principle. 

To THB Tbacher. — In teaching these formnlafl, it will be necessary 
to teach what is meant by the square of a quantity and how it ia 
found. 

85. FiBST Formula.— (a + 6)* = a'-f-2a6 + 2^. 
Since a and b represent any two quantities, (a + by represents the 

square of the sum of any two quantities. The square of a + ^ ia 
found hy multiplication to be a^ + 2 a& + &^. This square is the 
square of the first quantity, plus twice the product of the two, plua 
the square of the second. Hence the following principle : 

86. Principle. — The square of the sum of two quantitiea 
is equal to the square of the firsts plus twice the product of the 
two, plus the square of the second, 

87. Second Formula. — (a — 6)* = a* — 2a6 + 6*. 

Since a represents any quantity and b any less quantity, (a — &)' 
represents the square of the difference of any two quantities. The 
square of a — 5 is found by multiplication to be a^ — 2 a5 + &^. This 
square is the square of the first quantity, minus twice the product 
of the two, plus the square of the second. Hence the following 
principle : 

88. Principle. — The square of the difference of two quan- 
tities is equal to the square of the first, minus twice the product 
of the two, plus the square of the second. 

89. Third Formula. — (a + 6)(a — 6) = a* — W 

Since a represents any quantity and b any less quantity, a + 6 
xepresents the sum and a — & the difference of any two quantities. 
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and (a + &)(a — 5) represents the product of the sum and difference 
of any two quantities. ITie product of a + & and a — 6 is found by 
multiplication to be a^ — l^. This product is the square of the first 
quantity minus the square of the second. Hence the following 
principle : 

90. Pbinciplb. — The product of the surh and difference 
of two quantities is equal to the square of tJie first minus the 
square of the second. 

PBODUOT OF TWO BINOMIALS WITH A COMMON TEBM. 

91. These products can be verified by multiplication: 

1. (a; + 4)(aj4-3)=»* + 7aj + 12. 

2. (aj-6)(aj~3) = »» — 8aj-hl5. 

3. (aj + 7)(aj-3) = »« + 4a?-21. 

4. (a? + 2)(aj-9) = »«~7a?-18. 

The above examples are types of all those examples in multiplica- 
tion in which it is required to find the product of two binomial factors 
having only one common term. They represent all possible conditions 
with reference to the signs and relative values of the second terms. 

By carefully observing the number of terms in each product and 
how each term arises, the following laws are discovered, which enable 
the student to write the product of two such binomials by inspection : 

Each product consists of three terms. 

The first term of each product is the square of the com- 
mon term. 

The second term of each product is the product of the 
common term and the algebraic sum of the second terms. 

The third term of each product is the product of the 
second terms. 

When the signs of the second terms are alike, the second 
term of the product has the same sign ; and the third term 
is positive. 

When the signs of the sec^d terms are unlike, the second 
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term of the product takes the sign of the second term which 
is numerically greater ; and the third term is negative. 
Hence the following principle: 

92. Pbinciple. — TJie product of any two biiwmiah having 
a common term is composed of the square of the common term, 
the product of the common term and the algebraic sum of the 
second terms, and the product of the second terms. 

To THB Teachbr. — After students have written the products 
under these formulas, require them to give the same rapidly at sight. 

DIVISION. 

93. Division is the process of finding how many times one 
quantity is contained in another. Or, 

Division is the process of finding one of two factors when 
their product and the other factor are given. 

Division is therefore the converse of multiplication, the 
dividend corresponding to the product, the divisor to the 
multiplicand, and the quotient to the multiplier. 

94. The Dividend is the quantity to be divided. 

95. The Divisor is the quantity by which another quan- 
tity is to be divided. 

96. The Quotient is the quantity obtained by division. 

97. To perform division. 

Since division is the converse of multiplication, the dividend repre- 
senting the product, the divisor one factor, and the quotient the other, 
the rale for division is easily deduced from the process of multiplica- 
tion. By the definition of division, the product of the divisor and 
quotient must be equal to the dividend. This equality is the test for 
the correctness of any quotient. 

In the derivation of the rule, three things must be determined : the 
sign of the quotient, the exponent of each letter in the quotient, and 
the coefficient of the quotient. 
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Signs. 

+ 6x — a = — aft, .-. — a6-^— a = 4-6. 

— 6x — a = + a6, .•. 4-a6-*- — a = — 6. 

— 6x + a = — a6, .*. — a6-*-+a=: — &. 

The four divisions in the above vrork represent all possible cases in 
division with reference to the signs. The quotient in each case is 
correct, becaose, from the multiplication, the quotient and divisor are 
known to be the factors of the dividend. It appears that when divi- 
dend and divisor have like signs, the quotient is positive ; and when 
they have unlike signs, the quotient is negative. Hence the law: 

Like signs give plus, and unlike signs give minus. 

Exponents. 
cf(?x X (U?ix? = a^d^T?^ .•. aViB* + iufof = cf(?x. 

In the preceding division, the quotient is correct, because, from the 
multiplication, the quotient and divisor are known to be the factors 
of the dividend. 

Since the exponent of each letter in the dividend is the sum of the 
exponents of that letter in both factors, it is evident that the exponent 
of each letter in the quotient is found by subtracting the exponent 
of that letter in the divisor from the exponent of that letter in the 
dividend. 

Coefficients. 

5a«x3a* = 16a«, .-. 16a«-«-3a» = 5a». 

The coefficient of the quotient is found by dividing the coefficient 
of the dividend by the coefficient of the divisor. 

98. Principles. — 1. Tlie quotient is positive when the 
dividend and divisor have like signs, 

2. The quotient is negative when the dividend and divisor 
have unlike signs. 

3. The ea^^onent of eooA letter in the quotient is equal to 
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the esqponent of that letter in the dividend diminished by ihe 
eooponent of thai letter in the divisor. 

4. If any letter has the same exponent in dividend and 
divisor y the exponent of that letter in the quotient is zero, and 
the letter is not written in the quotient, 

S.Ifa letter is found in the dividend and not in the divisor, 
it is brought down in the quotient with the same exponent. 

6. If a letter is found in the divisor and not in the dividend, 
it is brought down in the quotient with the sign of its exponent 
changed. 

99. To divide one monomial by another. 

EuLE. — Divide the numerical coefficient of the dividend by 
the numerical coefficient of the divisor, and to the quotient 
annex the literal quantities, giving each letter an exponent 
equal to the exponent of that letter in the dividend, diminished 
by the exponent of that letter in the divisor. Give the result 
the proper sign. 

EXAMPLES. 

2a)Scf -3a% )12a«yc -2a'& c)-8a«&* 3a" 6)-9a"'6» 
4 a* — 4a5c 46»c-* — 3a"^6— ^ 

100. To divide a polynomial by a monomial. 

KuLE. — Divide each term of the dividend by the divisor 
according to the rule for division of monomials. 

EXAMPLE. 

4 ayc )16 a*b'c ~ 12 g^W + 20 aVd^ 
4:aJ>' - 3a^c + 5(^ 

101. To divide a polynomial by a polynomial. 

EuLE. — Arrange the dividend and divisor with reference t^ 
the same letter, writing the divisor at the right of the dividend. 

Divide the first term of the dividend by the first term of the 
divisor, and write the quotient under the divisor for the first 
term of the quotient. 
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Multiply the divisor by the first term of the qtiotientf and 
subtract tJie product from the dividend. To the remainder 
annex on£ or more terms of the dividend for a new dividend. 

Divide the new dividend as before^ and continue the process 
untU there is no remainder or untU the first term of the 
remainder is not divisible by the first term of the divisor. 

If there is a remainder after the last division^ wriJte it over 
the divisor in the form of a fra/^tiony and annex it with the 
proper sign to the part of the quotient already obtained. 



8. 



EXAMPLES. 

a^-Safy + Sxy^-f 
g^~ a?y 



X — y 



aj»-2ajy + s^ 



-2ajV4-3a^ 
~2g^4-2a^ 



xy'-y' 
gy* — y* 



a?6 -2aV + 2a6» 



aXf -b^ I g'-^gft + y 



i« + a6-6« 



a»6 - gy + 






gy 



of + f 


x + y 




af + afy 


a*-a?y + a^-xy'+^ 


-3*y + ^ 




-^. 


-0^ 






a^ + y* 






asV + tBy 






-^ + rf 




-a^. 


!ey* + y' 
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4. a!»-l 



x-1 



a^ + 3? + 3?+X + l 



«•- 


-1 






aj»- 


-a* 








Q?- 


-1 






^- 


-«• 








«»- 


-1 






i^.- 


-3! 



aj-1 



6. «* + 4j^ 



g«-2ay + 2y« 



aj» + 2ajy-|-2y« 



2aj»y — 2ajy + 4y* 
2aj^ — 4ajV 4- 4ajy' 

2iBy--4ajy' + 4y* 
2«y-"4ajy»-|-4y* 



Zero Exponents. 
102. By the law of exponents in division^ 
^ -j-a? =»* 

a** -J- a" = a**"* 

But a» -^ a* = 1 

Since a^ and 1 are both equal to the same quantity, they 
are equal to each other, and a® = 1. 

Since a represents any quantity, it follows that any 
quantity with a zero exponent U equal to 1. 

Why is aWc» equal to V(? ? 

Why is 4<M^ equal to 4ay*? 
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SPBOIAIi OASES IN DIVISION. 

103. The difference of the same powers of two quantities 
is eoKXcUy divisible by the difference of the quantities them- 
selves. 

Gwsteelaij Demonstbation. 

Let X represent any quantity, and y any smaller quantity, 
and n any positive integer. Then oJ* — y* will represent 
the difference of the same powers of two quantities, and 
x — y the difference of the quantities themselves. 



af-r 


x-y 


af-af^'y 


af-» + a!"-*y + af-y + «""y + «'^ 


af-V- 


-r 
-af-y 


af-y - af-y 


af-y_jr 
ar-y-af-y 




af-y-tr 

aj-y-af-y 



af^y'-tr 

In the preceding division, each remainder consists of two terms. 
The second term of each remainder is — y". If the division is exact, 
there will finally be no remainder ; and since —y^ is constantly 
brought down after each division, in order that the remainder may 
finally be 0, it must take the form of y^^f^. The first term of the 
first remainder is x**-^ ; the first term of the second remainder is 
jc»-2y2 J the first term of the third remainder is 5C»-V ; the first term 
of the fourth remainder is jc»-^ ; the first term of the fifth remain- 
der is jc»-^ ; the first term of the nth remainder, n representing any 
positive integer, is x»-«|^, or a^, or 1 x y", or y^. 

The second term of each remainder being — y*>, the entire nth 
remainder is y" — ^, or 0, and the division is exact. 
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104. The difference of the same even powers of tu)0 quanti- 
ties is exactly divisible by both the difference and the sum of 
the quantities themselves. 

General Demonstration. 

It has already been proved that the difference of the 
same powers of two quantities is exactly divisible by the 
difference of the quantities themselves, hence the differ- 
ence of the same even powers is exactly divisible by the 
difference of the quantities. 

Let X represent any quantity, and y any smaller quantity, 
and n any positive pven integer. Then a?" — y* will repre- 
sent the difference of the same even powers of two quanti- 
ties^ and x + y the sum of the quantities themselves. 



af-jr 


x + y 


af + ar-V 


a*-i - af->y + a!"-y - af-y + «*"y 


-af-V- 


-ar-y 


af-y-jr 
a-y+af-y 


_a!-y-jr 
-jc-y-af-y 




a^"Y-jr 

af-<y* - a!"-y 



In the preceding division, each remainder consists of two terms. 
The second term of each remainder is — y**. If the division is exact, 
there will finally be no remainder ; and since — y*» is constantly brought 
down after each division, in order that the remainder may finally be 0, 
it must take the form of y» — y". The first term of the first remainder 
is — aj»-iy ; the first term of the second remainder is + a?*- V ; t^^© 
first term of the third remainder is — off^-^y^ ; the first term of the 
fourth remainder is + x»- V i ^® ^^^t term of the fifth remainder ia 
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— x"-y. The first tenn of the odd remainders is negative, and the 
first term of the even remainders is positive. Therefore the first term 
of the nth remainder, n representing any positive even integer, is 
a?*-^'* or a^, or 1 x y*, or y*. 

The second term of each remainder being — y«, the entire nth 
remainder is y** — y**, or 0, and the division is exact. 

105. The difference of the same odd powers of two quanti- 
ties is not exactly divisible by the sum of the quantities themr 



As has been shown in the preceding demonstration, the first term 
of the odd remainders in this division is negati/e. Hence the first 
term of the nth remainder in this division, n representing any positive 
odd integer, is — Tf*^-^^ or — aVi or — 1 x y*, or — y". 

The second term of each remainder being — y", the entire nth 
remainder, is — y** — y**, or — 2y«. This monomial remainder is not 
divisible by the binomial divisor x — y, therefore the division is not 
exact 

106. The sum of the same odd powers of two quantities is 
exactly divisible by the sum of the quantities themselves. 

General Demonstration. 

Let X represent any quantity, and y any other quantity, 
and n any positive odd integer. Then «* -f j^ will repre- 
sent the sum of the same odd powers of two quantities, and 
x + y the sum of the quantities themselves. 



af' + tr 






x + y 



a^-y+sr 



— af-y — af-y 






-Tf-^f-'f 
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In the preceding division, each remainder consists of two terms. 
The second term of each remainder is + y*** If the division is exact, 
there will finally be no remainder ; and since + y** is constantly 
brought down after each division, in order that the remainder may. 
finally be 0, it must take the form of — y** + y*** The first term of the 
first remainder is — x"~ ^ ; the first term of the second remainder is 
+ aj"-V . the first term of the third remainder is — a5»-y ; the first 
term of the fourth remainder is +.aj»-^y* ; the first term'of the fifth 
remainder is — 2^-V* ^® ^^ term of the odd remainders is nega- 
tive, and the first term of the even remainders is positive. Therefore 
the first term of the nth remainder, n representing any positive odd 
integer, is — aj»-«y», or — a^, or — 1 x y*», or — y*. 

The second term of each remainder being + y*», the entire nth 
remainder is — y** + y*9 or 0, and the division is exact. 

107. Hie sum of the same even powers of two quantities is 
not exactly divisible by the sum of the quantities themselves. 

As has been shown in the preceding demonstration, the first term 
of the even remainders in this division is positive. Hence the first 
term of the nth remainder in this division, n representing any positive 
even integer, is jc"-"y", or o^y", or 1 x y», or y". 

The second term of each remainder being + y», the entire nth 
remainder is y**+ y*** or 2 y*. This monomial remainder is not divisible 
by the binomial divisor x + y, therefore the division is not exact. 

108. The sum of the same powers of two quantities is not 
exactly divisible by the difference of the quantities themselves. 

By performing the division, as in the preceding cases, it can be 
shown that the first term of each remainder is positive. 

The second term of each remainder being + y**, the entire nth 
remainder is y^-\-y^, or 2 y**. This monomial remainder is not divisible 
by the binomial divisor x — y, therefore the division is not exact. 

The Quotients. 

109. The nmnber of tenns in the quotient is n ; that is, 
it is equal to the exponent of each letter in the dividend 
divided by the exponent of that letter in the divisor. 

X is found in every term of the quotient except the last, 
and y is found in every term except the first. 
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The exponent of a? in the first term of the quotient is 1 
less than the exponent of x in the dividend, and diminishes 
by 1 ill ®2w;h succeeding term. 

The exponent of y in the second term of the quotient is 1, 
and increases by 1 in each succeeding term. 

When the divisor is the difference of two quantities, all 
the terms of the quotient are positive. 

"When the divisor is the sum of two quantities, the odd 
terms of the quotient are positive, and the even terms are 
negative. 

Note. — The exponent of x in the quotient diminishes by 1 and the 
exponent of y increases by 1 only when the exponents of z and y iu 
the divisor are 1. 

It is important to remember that the exponent of x in the 
quotient diminishes by the exponent of x in the divisor, and 
the exponent of y increases by the exponent of y in the 
divisor, whatever these exponents may be. 

EXAMPLES. 

Qi? + f)'i-(x-{'y)=o^-xy + y*. 
(a« — a^ -*- (a — a?) = a' + cwj + a?. 

(a^ + a^ -*- (a* -^xy^a^ - a*x 4- a?. 

Special attention should be given to binomials one term 
of which is a number. 

aj» + l = a? + l». 8-a? = 2«-a«. 

27 + a:» = 3» + a^. a:»-64 = a?-4«. 

(a? + l)-^(aJ + l) = aJ«-aJ + l. 
(8-aj^-j.(2-aj)=4 + 2aj + a?. 
(27 + fl^-^-(3 + a:) = 9-3aj + a?. 
(aJ»-64)-^(aJ-4) = aJ»+4aJ + 16• 
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110. The Factors of a quantity are the quantities which 
multiplied together will give the quantity. 

111. Factoring is the process of separating a quantity 
into its factors. 

112. Case I. — To resolve a polynomial into two factors, 
one of which is a monomial and the other a polynomial. 

113. Any polynomial having a common factor in every 
term can be factored by this case. The monomial factor is 
determined by inspection. 

114. Bulk — Divide the polynomial by the monomial 
factor. The divisor and quotient wiU be the factors. 

EXAMPLES. 

1. 9 o%«c-12 aWc»+15 a*6V=3 aVc(3 a-4 bc+^ aV<^. 

2. 8»y-12ary+16»y-4ajy=4a^(2a^-3«V+4a5y-l). 

Note. — Whenever the monomial factor is the same as one of the 
terms of the polynomial, as in the second example given above, one of 
the terms of the polynomial factor will be 1. 

116. The terms of a polynomial can sometimes be 
grouped so as to show a common compound factor. Such 
polynomials usually contain four or six terms. The terms 
may be grouped in any manner, provided each group shows 
the same compound factor. The first term is generally 
taken with the second, and the third with the fourth ; but 
the first may be taken with the third, and the second with 
the fourth. 

ax + ay'\-bx + by 

The first and second terms of this polynomial contain the 
oommon factor a, and the third and fourth terms contain 
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the common factor b. Grouping the terms of the poly- 
nomial in this manner^ and factoring each group, the poly- 
nomial assumes the following form : 

By the use of the sign of grouping, the polynomial has 
been reduced to two terms. These terms are similar with 
reference to the compound factor. Combining these terms 
according to the rule for addition of terms partly similar, 
the result is (a -{'b)(x + y). Hence, 

1. ax + ay + bx + by=:a(x + y)'\- b(x + y) = (a + l>)(x + y) 
In like manner, 

2. ac — od+ftc — M=:a(c— d)+&(c — c?)=(a + &)(c — cQ 

In the two preceding examples, a positive monomial factor 
is taken out of each group. It must be remembered that 
the polynomial can not be factored in this manner, unless 
the compound factor is the same in each group. Notice the 
following examples : 

3. ax + ay — bx—by = a(x + y) - b(x + y) = (a — b)(x H- y) 

4. ax — ay — bx-i-by^ a(x — y) — b(x — y)=i{a'-' b)(x — y) 

It is plain that to make the compound factor in the third 
and fourth terms the same as the compound factor in the 
first and second terms, the negative factor — b must be taken 
out of the second group in each example. 

Sometimes the compound factor in one group is like the 
two remaining terms, or like those terms with their signs 
changed. When this is the case, the monomial factor taken 
out of one group is + 1 or — 1. The following examples 
should be carefully studied: 

5. aa?-ay + aj-y=:a(aj-y)+l(a;-y)=(a + l)(aj-y) 

6. aaj-ay-a? + y = a(a;-y)-l(a;-y)=(a-l)(a;-y) 

7. l-6-a + a6 = l(l-6)-.a(l-6)=(l-.a)(l-6) 
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In this work in factoring, the signs of the terms should be 
carefully noticed. 

If the sign of the fourth term in any one of these ex- 
amples were different, the polynomial could not be factored. 

NoTB. — Beginning on page 61, prime quantities are occasionally 
given in tlie exercises in factoring. This is done that students may 
find it necessary to examine the quantities to know whether they are 
prime or composite. 

To THB Tbaghbb. — As roots of monomials have to be found in 
the following cases in factoring, develop here the idea of root, squaro 
root, cube root, etc. Teach also how to find any root of a monomial. 

116. GasbII. — To factor a trinomial square. 

By the fiist and second formulas in multiplication, 
(x + l)(x + l) = «» + 2x + l 
(x-l)(x-l)=x«-.2« + l 
(X + y) (X + y) = x2 -j- 2 xy + ^ 
(X - y ) (X - y) = x« - 2 xy + y» 

The trinomials obtained by these formulas are called trinomial 
squares, and the work of factoring them consists in determining of 
what two binomials they are the product. 

117. A Trinomial Square is a trinomial one of whose 
terms is twice the product of the square roots of the other 
two. 

118. An Arranged Trinomial Square is a trinomial square 
in which the second term is twice the product of the square 
roots of the other two. 

119. To determine whether a given trinomial is a trino- 
mial square, look first for two squares, which are always 
positive. If two of the terms are squares, find the square 
root of each, multiply one root by the other, and that product 
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by two. If the product is the remaining term of the tri- 
nomial, the trinomial is a trinomial square. 

NoTB. — A trinomial square can have only one negative term in it 
and that term is the one which is twice the product of the square roots 
of the other two. 

120. EuLE. — Consider the trinomial an arranged trino- 
mial square. Find the square roots of the first and last terms 
connect these square roots with the sign of the second term,, and 
write the binomial tvnce as a factor, 

EXAMPLES. 

1. aj" + 2ajy + 3^=(» + y)(a? + y) 

2. a*-8a + 16=(a-4)(a-4) 

3. a?* + 9 + 6a:» = (a? + 3)(aj» + 3) 

To THB Tbachbb. — Show that the factors of 0^ — 80+ 16 are 
a — 4 and a — 4, or 4 — a and 4 — a. If the trinomial be arranged as 
above, the factors will be a - 4 and a - 4. If the first and last terms 
be interchanged, the factors wiU be 4 — a and 4 — a. 

Give much oral drill in factoring, and require students to give the 
factors rapidly at sight. 

121. Case III. — To factor the difference of two squares. 

By the third formula in multiplication^ 

(a; + l)(«-l) = aJ»-l 
(aj + 2)(a:-2) = aJ»-.4 

The work of factoring such binomials is evidently the reverse of 
the multiplication, and the factors are the sum and difference of the 
square roots of the two terms of the binomiaL 

122. EuLE. — Find the square roots of the two terms of the 
binomial, and write for the factors the sum and differen/ce of 
the square roots, 

EXAMPLES. 

1. «*-2^=(a;+y)(a;-y) 

2, a>-.4=(a + 2)(a-.2) 
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8. aj»-l =(aj + l)(a?-l) 
4. l-a:» = (l + «)(l-aj) 
6. a*-y=(a> + 5)(a«-5) 

123. By factoring the difference of the square roots each 
time, the work can be continued indefinitely. It is gener- 
ally continued as far as it can be without getting fractional 
exponents. 

EXAMPLES. 

1. a?-l =(a^ + l)(aj' + l)(« + l)(aJ-l) 

2. a»-.V = (a* + 6*)(a« + 5^(a + 5)(a-6) 

124. In the examples thus far given in this case, both of 
the squares have been monomials. One of the squares may 
be a trinomial and the other a monomial, or both of the 
squares may be trinomials. 

The trinomial squares ihay be expressed with or without 
a sign of grouping, as follows : 

(a-c)"-(aj-y)' = a"-2ac + c^-aj* + 2iBy-^ 

The trinomial square in the second example, if left in the 
parenthesis, is &*-|-26c + c*; but when the parenthesis is 
removed, all the signs are changed. The second trinomial 
square in the third example, if left in the parenthesis, is 
SB* — 2ajy 4- ^ ; but when the parenthesis is removed, all the 
signs are changed. Before factoring such expressions, it is 
convenient to express each trinomial square as the square 
of a binomial. Great care must be exercised in doing this. 
When the first square is a trinomial, this change is made 
without any change in signs, for the parenthesis is not pre- 
ceded by a minus sign; but when the second square is a 
trinomial, the sign of each term must be changed, for the 
parenthesis is preceded by the minus sign. 
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U a polynomial is the difference of two squares, it usually 
contains four or six terms ; four^ if one of the squares is a 
monomial and the other a trinomial; six, if both of the 
squares are trinomials. The term that contains two letters 
generally indicates what terms are taken with it to form a 
trinomial square. If three of the terms make a trinomial 
square as they are given in the example, this square must 
be placed first If the remaining monomial square is neg- 
ative, or if the remaining three terms, with their signa 
changed, make a trinomial square, the polynomial is the 
difference of two squares. 

EXAMPLES. 

1. a" + 2a6 + 5«-c*=(a-|-5)*-c*=(a + 5 + c)(a+&— c) 

2. a«-6«-25c-c* = a*-(6 + c)« = (a + 6 + c)(a-6-c) 
8. a* + 6"-c"-(P-2a6 + 2c(l=(a-6)"-(c-<f)« 

=(a— 5+c— d)(a— 6— c+<f) 

125. Case IY. — To resolve the difference of the same odd 
powers of two quantities into two factors, one of which is a 
binomial and the other a polynomial. 

This case is an inference from one of the special cases in division. 
It has been demonstrated that the difference of the same odd powen 
of two qnantities is exactly divisible by the difference of the quantities 
themselves. 

Since the divisor and quotient are factors of the dividend, such 
binomials are resolvable into two factors, one of which is the diviaoz 
and the other the quotient. 

EXAMPLES. 

2. a^-3/»=(aO»-2^ = (aj'-y)(a^ + a^ + 30 

4. 8«»-27 = 2W-3« = (2aj-3)(2W-f-2a?3-f-3») 
=(2aj-.3)(4a!« + 6» + 9) 
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126. The binomial factor is tlie difference of the same 
odd roots of the two terms of the binomial. 

All the coefficients in the polynomial factor are 1. 

The exponent of the first term diminishes by the exponent 
of the first term of the binomial factor, and the exponent ( i 
the second term increases by the exponent of the second 
term of the binomial factor. 

All the terms of the polynomial factor are positive. 

127. From the above examples, it appears that the 
binomial factor is determined by the number or numbers 
that will divide the exponents in the given binomial. 

If the exponents are divisible by 3, the binomial factor 
is the difference of the cube roots; if the exponents are 
divisible by 5, the binomial factor is the difference of the 
fifth roots ; if the exponents are divisible both by 3 and 5, 
the binomial factor is the difference either of the cube 
roots or the fifth roots. 

When the exponents are divisible by only one odd num- 
ber, there will be only one set of factors; when the 
exponents are divisible by two odd numbers, there will be 
two sets of factors. 

128. Case Y. — To resolve the sum of the same odd powers 
of two quantities into two factors, one of which is a binomial 
and the other a polynomial. 

This case is also an inference from one of the special cases in 
division. It has been demonstrated that the smn of the same odd 
powers of two quantities is exactly divisible by the smn of the quan- 
tities themselves. 

Since the divisor and quotient are factors of the dividend, such 
binomials are resolvable into two factors, one of which is the divisor 
and the other the quotient. 

EXAMPLES. 

1. aj» + l = (a? + l)(ic«-« + l) 

2. a" + y*=(aJ + y)(aj" — ajy+y^ 
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8. ^• + »» = (aj«)» + y» = (ic» + y)(aj*-aj«y + !^ 
4. aj» + 2^=(xH-y)(a^-ajV + ay-iBy' + y*) 
6. 64a? + 125 = 4»a^ + 5«=(4aj + 5)(4»aj»-4aj6 + P) 
= (4aj + 5)(16ic»-20aj+25) 

129. The binomial factor is the siun of the same odd 
roots of the two terms of the binomial. 

The coefficients and exponents in the polynomial factor 
are the same as in Case IV. 

The odd terms of the polynomial factor are positive, and 
the even terms are negative. 

130. When the exponents in the given binomial are 
divisible by only one odd number, there will be only one 
set of factors; when the exponents are divisible by two 
odd numbers, there will be two sets of factors. 

131. Case VI. — To factor a quadratic trinomial. 

132. A Quadratic Trinomial is a trinomial one of whose 
terms is the product of the square root of one of the other 
terms and the sum of the factors of the remaining term. 

a*-f7a-f-12 a*-6a + 8 

a? + 2a?-16 a?-2a?-3 

133. Rule. — Arrange the trinomicU in the form of 
a" -f cue -f 6. Find the square root of the first term for the 
first term of each binomial factor. Resolve the last term into 
two factors whose algebraic sum is a, and write these two 
factors, with their respective signs, for the second terms of 
the binomial factors. 

EXAMPLES. 

1. a:* + 6»4-6 = (a; + 3)(a? + 2) 

2. a:*-5aj + 6 = (a?-3)(aj-2) 
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8. a:" + 2a?-8=(a:-f4)(a?-2) 

4. a:*-2aj-8 = (a: + 2)(aj-4) 

5. a:* + 4aj + 3 = (a; + 3)(aj + l) 

6. ic"-6a; + 4 = (a?-4)(aj-l) 

7. a? + 4x-5=:(a; + 5)(a;-l) 

8. aj»-2a?-3=(a?-3)(aj + l) 

134. Other trinomials can sometimes be resolved into 
two binomial factors. The factors are found by trial. 

To THE Tbacheb. — Have students multiply 2«+8 by 8x + 2, 
4x-3 by 2aj-4, 3aj + 4 by 2a;-6, 2x + 8 by 4aj-3, 6a; + l 
by X — 4, and x + 8 by 4 x — 2. Remind them that the multiplier 
and multiplicand are factors of the product. From an examination 
of the several products, lead them to see how the product is formed 
from the factors in each case. Now, suppose it is required to find the 
factors of 4 x^ + 22 X — 12. It is plain that 2 x and 2 x are the factors 
of 4a^, and that — 4 and 3 are the factors of — 12. It is then to be 

determined whether these factors will give the second term 
2 X — 4 of the trinomial. The trial is made as follows : 
2 X + 8 I^ 1'3 necessary to multiply only for the second term. 

These factors give — 2x for the second term. Next try 

"" ^^ 2 X — 3 and 2 x + 4. These factors give 2 x for the second 

term. By continued trial, it is found that the factors are 
— 2x X + and 4x — 2. Sufficient practice will give the power 

to determine very quickly the factors of such trinomials. 

NoTB 1. — If the third term of the trinomial is positive, the second 
terms of the binomial factors have the same sign as the second term 
of the trinomial. 

Note 2. — If the third term of the trinomial is negative, the second 
terms of the binomial factors have unlike signs. 

135. Case YII. — To resolve a trinomial into two tri- 
nomial factors. 

136. Trinomials to which some square must be added to 
make them trinomial squares can be factored by this case. 

Q 
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137. BuLE. — Find what square must be added to the tri- 
nomial to make it a trinomial square. Add this square to 
Vie trinomial and also indicate the subtraction of it from the 
trinomial square thus formed. The resulting polynomial 
is the difference of two squares, and it can be factored by 
Case III. 

a^ + 6ay + 9y*-4ajy=(«' + 3y* + 2ajy)(ic» + 3^-2a^> 

138. When the second term of the trinomial is negative^ 
two different squares can in most cases be added to the 
trinomial, thus making two different trinomial squares. 
One of the squares added is numerically less than the sec- 
ond term, and the other is numerically greater. When this 
can be done, there will be two sets of factors. 



4a*-4aV + 6*-aV = (2a"-y + a6)(2a*-6*-a6) 

4a*-6a%« + 6* 
9aV 



4a* + 4aW + 6*-9aV=(2a* + 6« + 3a6)(2a* + &«-3a6) 

To THB Tbachbr. — The very thorough review of factoring includes 
examples in all the different cases. 

Students should be trained to approach this work systematically. 
Skill in factoring depends on the power to determine quickly how a 
quantity can be factored, if at all. The number of terms in the ex- 
pression limits it to certain cases. If it is the sum of %wo quantities, 
it is limited to one case ; if it is the difference of two quantities, it is 
limited to two cases ; if it is a trinomial, it is limited to three cases. 

When the quantity contains a monomial factor, that factor should 
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in every ease be removed first. The remaining componnd factor can 
often be resolved into two or more factors. 

All binomials that are the difference of the same even powers of 
two quantities should first be resolved into the sum and difference of 
their square roots by Case III. It will then appear that one or both 
of these factors can be factored. The factors of o^ — o^ are a' + x* 
and a* — x>. These can both be factored ; the first \xj Case V, and 
the second by Case IV. 

Students should be careful never to write a compound factor as one 
of the factors of the quantity, until they are sure it is prime. In the 
example above referred to, if a* + ic* and a^ — afi are first written and 
then the factors of each of these binomials written, it is plain that 
there would be two sets of factors, which would probably appear as 
follows : 

(«» + x»)(a« ''ix^(a + «)(a« - ox + a?)(a - x)(a« + cw + a^) 

Students will avoid this common error by carefully observing the above 
direction. 

The greatest possible skill in factoring is of the utmost importance, 
and it is recommended that during the whole course in algebra fre- 
quent exercises in factoring be given. 

COMMON DIVISOBa 

139. A Common Divisor of two or more quantities is a 
quantity that will divide each of them without a remainder. 

140. Two quantities are prime to each other when they 
have no common factor except 1. 

141. The Highest Common Divisor of two or more quanti- 
ties is the quantity of the highest degree that will divide 
each of them without a remainder. 

142. Principles. — 1. Every factor of a quantity ia a 
divisor of that quantity. 

2. A common fadtor of two or more quantities is a common 
divisor of those quantities. 

3. The highest common divisor of two or more quantities is 
(heprodwi ofaU their common factors. 
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4. A comrMm divisor of two quantities is a divisor of their 
sum and also of their difference. 

5. A divisor of a quantity is a divisor of any mtUtiple of 
that quantity f and a common divisor of two quantities is a 
divisor of any multiple of either of them. 

6. The highest common divisor of two qu^mtities is not 
affected by multiplying or dividing either of them, by a quantity 
that is not a factor of the other. 

Highest Common Divisob by Factobing. 

143. To find the highest common divisor by factoring. 
EuLE. — Resolve the quantities into their prime factors^ and 
find the product of all the common fa/Aors. 

EXAMPLES. 

1. 18aVc = 3x3x2xaax bbbbb x c 
30 c^b^c = 3 X 2 X 5 x aaa x bbbb x c 
42 a*6*c = 2 X 3 X 7 X aaaaa xbbxc 
12aWc = 2 X 3 X 2 X aaaa xbbbxc 

.•. the H. C. D. is 3 x 2 x aa x 66 X c, or 6aVc» 

2. 6acaj — 3acy = 3ac(2a5 — y) 
8 cdx — 4 cdy = 4 cd (2 a? — y) 
4:bcx-'2bcy =2bc(2x'-y) 

••. the H. CD. is c(2aj — y), or 2cx^cy. 

8. oj* - 8 a; + 16 = (a? - 4) (a? - 4) 

aj«-7aj + 12=(aj-4)(aj-3) 
aj« + 5aj-36 = (aj-4)(aj + 9) 
.-. the H. CD. is a? -4. 

4. 4aj*-24aj + 36 = 4(aj-.3)(aj-3) 

6aj»-42aj + 72 = 6(aj-3)(aj-4) 
2aj» + 12aj-64 = 2(»-3)(aj + 9) 
••• theH.CD. is2(a;-3}»or2«-6. 
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Highest Common Divisor by Continued Division. 

144. When polynomials can not be factored readily by 
inspection, their highest common divisor may be found by 
the method of c(mtinu£d division. 

This method, as well as the method by factoring, depends 
on the principles given in Art. 142, especially 4, 5, and 6, 
with which students should be very familiar. 

145. The highest common divisor of numbers is gen- 
erally found by continued division. This method will first 
be explained in the process of finding the highest common 
divisor of two numbers, and then it will be shown that a 
similar rule applies in finding the highest common divisor 
of any two numbers, or of any two algebraic quantities. 

367)426(1 
367 

68)367(6 
340 

"77)68(4 
68 

It is required to find the highest common divisor of 857 and 425. 

The greater number is divided by the less ; the first divisor is divided 
"by the first remainder ; the second divisor is divided by the second 
remainder ; and this process is continued until there is no remainder. 
It will be shown that the last divisor is the H. C. D. sought 

Since every common divisor of two numbers is a divisor of their 
difference, a common divisor of 357 and 425 is a divisor of 68. A 
common divisor of 357 and 425 is therefore a common divisor of 68 
and 357. 

A divisor of 68 is a divisor of 5 times 68, or 340, and a common 
divisor of 68 and 357 is also a common divisor of 357 and 340. Since 
a common divisor of two numbers is a divisor of their difference, a 
common divisor of 357 and 340 is a divisor of 17. A common divisor 
of 68 and 357 is therefore a common divisor of 17 and 68. It has been 
shown that a common divisor of 357 and 425 is a common divisor of 
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68 and 867, and that a oomnMm divisor of 68 and 867 Is b eommoii 
diviaor of 17 and 68. The H. C. D. sought can not therefore be greater 
than 17. 

Since 17 is a factor of 68, it is a factor of 6 times 68, or 840. 

Since 17 is a common factor of 17 and 340, it is a factor of their 
som, or 367. 

Since 17 is a common factor of 68 and 867, it is a factor of their 
som, or 426. 

Hence 17 is a common factor, and therefore a conmion divisor, of 
357 and 425. 

Since 17 is a common divisor of 367 and 426, and shice it lias been 
proved that the H. C. D. sought can not be greater than 17, 17 is the 
H. C. D. of 367 and 426. 

146. ABother illnstration, in which the common factor 
appears throughout the division, may be helpful. 

Let 11 X and 14 x represent any two numbers of which x 
is the only common factor. 

11 a?) 14 a? (1 
11a? 

3a;)lla;(3 

— 

2x)3x(l 
2x 

a;)2a;(2 
2x 

Since x is the only common factor of these numbers, it is their 

H. C. D. The process shows how the factor not common- gradually 

diminishes in the coarse of the division, and how the highest common 

divisor x appears in every divisor, dividend, and remainder, and finally 

' appears alone as the last divisor. 

General Demonstration. 

147. It now remains to be proved that this method will 
give the highest common divisor of any two numbers, or of 
any two algebraic quantities. 
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Let A and B represent any two nnmbers of which B is the greater, 
or any two algebraic quantities of which J? is the same degree as A^ or 
higher degree than A, 

B is divided by Ay giving a quotient C and a remainder 2>. The 
first divisor is divided by the first remainder, giving a quotient E and 
a remainder F. The second divisor is divided by the second re- 
mainder, giving a quotient O and a remainder H. The third divisor is 
divided by the third remainder, giving a quotient /and no remainder. 
It will be shown that the last divisor is the H. C. D. sought, 

A) BiO 
AC 

D) A(^B 
DB 

F) Dia 
Fa 

E) F(I 
HI 

A factor of ^ is a factor of C times A, or AC, and a common factor 
of A and B is also a common factor of B and AC, and therefore a 
factor of D. A common factor of A and B is therefore a common 
factor of D and A. 

A factor of 2> is a factor of JE times D, or DE, and a common 
factor of D and A is also a common factor of A and DE, and therefore 
a factor of F. A common factor of D and A is therefore a common 
factor of F and D, 

A factor of i^ is a factor of G times F, or FQ, and a common 
factor of F and D is also a common factor of D and FG, and therefore 
a factor of H. A common factor of F and D is therefore a common 
factorof JSTand jP. 

It has been shown that a common factor of A and B is a common 
factor of D and A ; that a common factor of D and ^ is a common 
factor of F and D ; and that a common factor of F and 2> is a com- 
mon factor of J7 and F, The H. C. D. sought can not therefore be 
greater, or of a higher degree, than H, 

Since ^ is a factor of ii^, it is a factor of Q times F, or FQ. 

Since IT is a common factor of H and FQ, it is a factor of their 

Q, or /). 

Since H is a factor of 1>, it is a factor of i? times A or D& 
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Since His tk common factor of F and DE, it is a factor of their 
sun, or A 

Since J7 is a factor of ^ it is a factor of C times A, or AC. 

Since £r is a common factor of D and AC^ it is a factor of their 
som, or A 

Hence J? is a common factor, and therefore a common diyisor, of 
A and B. 

Since J7 is a common divisor of A and B^ and since it has heen 
proved that the H. C. D. sought can not he greater than if, J? is the 
fiLC.D.of ^andJS. 

EXAMPLES. 



1. 



4:0?— 4aj*— 7a? + 6 
4«»-10aj*4- Q<>s 



2a?'-5x + S 



2x +3 



6aj*-13a? + 6 
6g»-15a?4-9 

2a?-3)2aj»-5aj + 3(a!-l 
2g«->3g 

-2aj + 3 
-2aj + 3 

.•. the H. CD. is2aj-3. 



8«"- 8aj* + 12a?- 
8aj»+ 8aj*- 6a? 



-16a^ + 18aj- 6 
-16g'-16a?4-12 



4a?' + 4g — 8 



20! -4 



17 )34 a; - 17 

2a!-l)4aj» + 4aj~3(2». 
4iB*-2aj 

6^-3 
6aj-3 



••• iheH.C.D. is2a?-L 
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NoTB 1. — It has appeared in the general demonstration that the 
highest common divisor sought is a common factor of each remainder, 
or divisor, and its corresponding dividend. Therefore, a factor of any 
remainder, which is not a factor of the dividend, may be removed ; 
for, as it is not a common factor of the divisor and dividend, it can not 
be a factor of the highest common divisor. The remainder, 84 a; — 17, 
in the second example, contains the factor 17, which is removed by 
division. There is often developed in the remainder by the multiplica- 
tions and subtractions a factor which is not a factor of the dividendy 
and it is generally desirable to remove this factor. 

6a^ — llg» + 4a? | ^ 
- 2)~6a? + 8 

3«-4)6aj«-lla; + 4(2»- 1 
6aj*— 8aj 

— 3aj + 4 

— 3a: + 4 

A theH.C.D. i8 3aj-4. 

KoTB 2. — The first remainder in the third example contains the 
factor 2, which is not a factor of the dividend. If the factor 2 were 
removed, the divisor would be — Sx + 4. This is exactly contained 
in 6x^ - llo; + 4, and it is therefore the H. C. D. In such a case, 
however, it is generally customary to remove the factor — 2 to make 
the first term of each divisor positive. It is important to notice in 
this connection that the highest common divisor when found is a cer- 
tain quantity, or Ua opposite. In the preceding examples, the H. C. D. 
is2a;-3or -2x + 3,2a;-lor -2a; + l, 32;~4or -3a; + 4. 

Show that a divisor of a quantity is a divisor of any 
number of times that quantity. 

Show that a common divisor of two quantities is a divisor 
of their sum and also of their difference. 

Show that the highest common divisor of two or more 
quantities is the product of their common factors. 
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6a^— aj'-8a;-f4 


3iB*-f«-2 


6a^ + 2aj*-4aj 


2ic-l 


-3aj«-4ic + 4 




-l)-3aj + 2 

3aj-2)3iB»+ a;-.2(aj + l 
3«*-2aj 




3aj-2 
3a?-2 



.% theH.C.D. i8 3aj-2. 

NoTB 3. —Notice the removal of the factor — 1 In the remainder 
— 3« + 2 in the fourth example. 

6. 6aj'y-42*V+78ajV-90ajV=6a5V(a^-7aj*+13aj-15) 

4 ajy-24 ojy +4 ajy +80 ajy»=4 »2/*(a?-6 aj»+aj+20) 
These polynomials have the common factor 2xy. 



aJ»_7aj«+13a:-15 
a^-6aj*+ aj+20 



a^— 6a^+a?+20 



-1 )- a?'+12a;-35 

a«-12a?+36)a^- 605*+ «+ 20(aj+6 
g»-12g«+35a? 

6aj*-34a;+ 20 
6g'-72a?-f210 

3 8)38 a?-190 

»-6)aj«-12 »+36(aj-7 

— 7a;+36 

- 7a?4-35 

A tiie H.C.D. is 22^(a; — 6), or 2a9*y — lOo^. 
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NoTB 4. — The ^ven polynomials in the fifth example contain each 
a simple factor. These simple factors are first remoTed, 6a5^ from 
the first and 4x2^ from the second. The factor 2 xy, being common 
to both, most be leserved as a factor of the H. C. D. Proceeding 
with the compound factors, as in the previous examples, their H.C. D. 
is found to be as — 6. Therefore the H. C. D. sought is 2 xy(x — 5). 



6. 2«»-. a5»- 



a?+ 3a?- 4 
3 



3a^-4g»+6g'-3a?+2 



2x+8 



6aj«-3«»- 3a?+ 9a! -12 

6a?^-8a?*+12g»- 6g»-h 4g 

3 

24aJ*-46aj»+ 9aj«+15aj-36 
24 a?*-32 a^+48 g^-24 g4 16 

-1 3)-13a^-39g'+39a?-52 
a5»+ 3aj*- Sx+ 4 



3a?*- 4a?+ 6aj«- 3aj+ 2 1 a^ + 3g»-3g+4 
3g*+ 9g»- 9a?'4-12g | 3a?-13 



-13«^ + 15««-15aj+ 2 
-13a?'-39a^ + 39g-52 

6 4)64 a?*- 64 a? + 64 

a*- aj+ l)aj* + 3a5"-S» + 4(aj + 4 
a^— aj*+ a? 

4a^ — 4a!-|-4 
4aJ-4a? + 4 

A the H.C.D. is a5»-aj + l. 



NoTB 5. —It often occurs, as in the sixth example, that the first 
tenn of the dividend is not exactly divisible by the first term of the 
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diyisor. « Any dividend may be multiplied to make the first tenn of 
it exactly divisible by the divisor, for tlie introduction of a factor into 
one of the polynomials and not into the other can not affect the 
H. C. D. 

148. To find the highest common divisor by continued 
division. 

BuLE. — If the polynomials contain a common monomial 
factory remove such factor and reserve it as a fo/dor of the 
higfiest commxm divisor. 

If either of the polynomials contains a monomial f[ictor thai 
is not found in the other, remove such factor and reject it 

Arrange the remaining polynomials with reference to the 
descending powers of the same letter, and divide the polyno- 
mial of the higher degree by the polynomial of the lower degree, 
continuing the division until there is no remainder, or untU the 
first term of the remainder is of a lower degree than the first 
term of the divisor. 

Divide the final remainder, if any, by the preceding divisor, 
and so continue until there is no remainder. The last divisor 
multiplied by the common monomial factor removed in the 
beginning, if any, will be the highest common divisor. 

If three polynomials are given, find the highest common 
divisor of two of them ; then take that highest common divisor 
and the remaining polynomial, and find their highest common 
divisor. The last result will be the highest common divisor of 
all. 

Show that a common divisor of two quantities is a divisor 
of any multiple of either of them. 

Show that the highest common divisor of two quantities 
is not affected by multiplying or dividing either of them 
by a quantity that is not a factor of the other. 

If two polynomials each contain a monomial factor, how 
much of those monomial factors, if any, should be reserved 
as a factor of the highest common divisor ? 
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LOWEST COMMON MULTIPIiB. 

149. A Maltiple of a quantity is a quantity that is exactly 
divisible by that quantity. 

150. A Common Multiple of two or more quantities is a 
quantity that is exactly divisible by each of them. 

151. The Lowest Common Multiple of two or more quan- 
tities is the quantity of the lowest degree that is exactly 
divisible by each of them. 

152. Fbinciples. — 1. Every multiple of a quantity mu9t 
contain aU thefcictora of that quantity. 

2. A common multiple of two or Tnore quantities must con- 
tain all the factors of each of them, and it may contain others, 

3. The lowest common multiple of two or more quantities 
must contain aU the factors of eaxih ofthem,^ hut no others, 

4 If two quantities are prime to each other, their lowest 
comm/on, multiple is their product, 

153. To find the lowest common multiple of monomials. 
BuxjE. — To the least common multiple of the numerical 

coefficients, annex all the letters of the several monomials, giv- 
ing each letter the highest escponent that it Jias in any of the 
monomials, 

154. To find the lowest common mnltiple of quantities that 
are easily factored. 

BuLE. — Resolve the quantities into their prime factors, and 
find the product of all the different factors, taking each factor 
as many times as it is found in any of tlie quantities. 

EXAMPLE. 

a5» + 7a; + 12=(a? + 3)(aj + 4) 

aj« + 8aj + 16=(a? + 4)(» + 4) 

flJ - 4 a? - 32 = (a? + 4) (a? - 8) 

.•• the L. C. M. is (aj + 3)(aj+4) (» + 4)(aj -8). 
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To THB T^ACHBR. — As lowest common multiple is used in addi- 
tion and subtraction of fractions and in clearing equations of frac- 
tions, students should be trained to determine quickly by inspection 
the lowest common multiple in simple examples. Show that if the 
lowest common multiple of two or more quantities be divided by one 
of its factors, the quotient will be the other factor, or the product of 
the other factors of the lowest common multiple. After students have 
determined the lowest common multiple in the given examples, with 
the factors before them, require them to give the quotient of the lowest 
common multiple divided by each of the quantities in the example. 
This will be valuable preparatory drill for subsequent work in frac- 
tions and equations. 

155. To find the lowest comiiioii mnltiple of qnantities that 
are not easily factored. 

BuLE. — Find the highest common divisor of the quantities^ 
divide one of them by the highest common divisor, and mtUti' 
ply the other quantity by tJie quotient. 

EXAMPLE. 

05* — 4aj* — 6aj + 6 

a58-5aj*-3a? + 15 

TheH.C.D. isaj-5 

(a5?-.5aj«-3aj + 15)-*-(ic-6) = aj«-3 

••. the L. C. M. is (a^ - 4aj* - 6aj + 6) (aJ* - 3). 

FBAOnONS. 

156. A Fraction is one or more of the equal parts of a unit. 

157. To express a fraction, two quantities are necessary; 
one to express the number of equal parts into which the 
nun)ber or thing is divided, and the other to express how 
many of the parts are taken. They are written, one above, 
and the other below, the same horizontal line. 

158. The Denominator is the number or quantity written 
below the line. It shows into how many equal parts the 
number or thing is divided. 
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159. The Nmnerator is the number or quantity written 
above the line. It shows how many equal parts are taken. 

160. The Terms of a fraction are the numerator and de- 
nominator. 

161. An Entire Quantity is a quantity no part of which 
is a fraction. 

162. A Mixed Quantity is an entire quantity and fraction 
written together. 

163. A Proper Fraction is a fraction which can not be 
reduced to an entire or mixed quantity. 

164. An Improper Fraction is a fraction which can be 
reduced to an entire or mixed quantity. 

165. The Value of a Fraction is the quotient of the numer^ 
ator divided by the denominator. 

166. The Sign of a Fraction is the sign written before 
the fraction. Fractions, like entire quantities, are positive 
or negative. Each term of the fraction is also either posi- 
tive or negative. There are therefore three signs belonging 
to every fraction; the sign of the numerator, the sign of 
the denominator, and the sign of the fraction. 

167. If the terms of a fraction have like signs, and the 
sign of the fraction is positive, the value of the fraction is 
positive. 

168. If the terms of a fraction have unlike signs, and the 
sign of the fraction is negative, the value of the fractioii is 
positive. 

169. If the terms of a fraction have like signs, and the 
sign of the fraction is negative, the value of the fraction is 
negative. 
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170. If the terms of a fraction have unlike signs, and the 
sign of the fraction is positive^ the value of the fraction is 
negative. 

171. Principles. — 1. Multiplying the numerator by any 
quantity multiplies the fraction by that quantity, 

2. Dividing the numerator by any quantity divides the frac- 
tion by that quantity. 

3. Multiplying the denominxUor by any quaniUy divides the 
fraction by thai quantity, 

4. Dividing the denominator by any quantity multiplies the 
fraction by that quantity. 

5. Multiplying or dividing both terms of a fraction by the 
same quantity does not change the value of the fraction. 

6. Changing any two signs of a fraction does not change the 
value of the fraction. 

7. Changing one or aU of the signs of a fraction changes 
the value of the fraction from positive to negative^ or frora 
negative to positive. 

Note. — It must be remembered that if the nomeiator is a com- 
ponnd expression, the sign of the numerator is changed by changing 
the sign of every term of it. The same is true of the denominator. 

172. Reduction of Fractions is the process of changing 
their form without changing their value. 

173. A fraction is reduced to its lowest terms when the 
numerator and denominator are prime to each other. 

174. To reduce a fraction to its lowest terms. 

Rule. — Cancel all factors commxm to numerator and 
denominator. 

175. To reduce an improper fraction to an entire or mixed 
quantity. 

BuiiB. — Divide the numerator by the denominator. 
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NoTB 1. — If the division is exact, the fraction reduces to an entire 
quantity. 

Note 2. — If there is a remainder and the gign of its first term is 
plus, write the remainder over the divisor and annex it to the entire 
part, connecting them with the plus sign. 

NoTB 3. — If the sign of the first term of the remainder is minus, 
change the sign of each term of the remainder, write it over the divisor, 
and annex it to the entire part, connecting them with the minus sign. 

EXAMPLES. 

1. 5Lzl ?Lll==a- + a!' + » + l. 

« — 1 aj — 1 






a? 4-3 



aj*-3aj + 9 



-3a^ + a 
-3a!'->9g 

9aj + a 
9a? + 27 

a-27 

^=«»-3a: + 94-5^. 
aj-{-3 aj-f3 

2aj»-3 



6g»-4g'--12a? + 10 6a^-4aj»-12a:-M0 
2x«-3 6a» - 9aj 



3aj-2 



-4a^- 3aj-{-10 
--4a^ + 6 

- 3aj+ 4 
•• 2^33 =30.-2-^^^-^. 

176. To reduce a mixed quantity to an improper fraction. 
EuLE. — Multiply the entire part of the denominator of the 
fraction; to (he product add the numerator of the fraction^ if 
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the sign before the fraction is plus, and subtract the numerator, 
if the sign before the fraction is minus; and write the resuU 
over the denominator, 

EXAMPLES. 

1. a.-4+^^ (aj-4)(aj + 3)=a5»-aj-12 
* + ^* Adding oj* 4- 8 



2aj«-.ic- 4 



» — 44 



a^4-8 _ 2g*-a?->4 
a;-h3 aj + 3 



2. a-6-5^±^ (a-.6)(a-6)=a«-2a64-6" 



a — 6 



Subtracting a' -{-6* 

-2a6 



a — b ^-— - = 7- or — 



a — 6 a — 6 a — b 

177. To reduce fractions to their lowest common denoml? 
nator. 

EuLE. — Find the lowest common multiple of the denomi- 
nators for the required denominator. 

Divide this denominator by the denominator of each fraction^ 
and multiply the numerator by the quotient. 

To THE Teacher. — Train students to express the denominator ol 
each fraction and the lowest common denominator in their factors. 
Then show that the quotient of the lowest common denominator 
divided by each denominator is all the factors of the lowest common 
denominator that are not found in the denominator of the fraction. 
This practice should ai«o be observed in addition and subtraction of 
fractions. Students will save much time and labor if, in all work in 
algebra, they never multiply factors together until it is found to be 
necessary. 
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Addition and Subtraction of Fractions. 

178. Like Fractions are fractions that express like frac- 
tional units. 

179. To express like fractional unitS; fractions must have 
a common denominator. 

180. Principle. — Ordy like fractions can be added. 

181. EuLE FOR Addition. — If necessary, reduce the frojo 
tions to their lowest common denominator, add the numercUors^ 
and write the sum over the common denominator. 

Note. — If the sum of the numeratois is zero, the value of the frac- 
tion is zero. 

182. Principle. — A frojction can he subtracted ardy frtm, 
a nice fraction. 

183. KuLE FOR Subtraction. — If necessary, reduce the 
fractions to their lowest common denominator, sxibtract the 
numerator of the subtrahend from the numerator of the minu- 
end, and write the remainder over the common denominator. 

184. To combine several fractions which are connected by the 
signs of addition and subtraction. 

Rule. — Reduce the fractixms to their lowest common de- 
nominator, write the several numerators for adding, writing 
those to be subtracted with their signs changed, add the nvr 
merators thus written, and place the sum over the common 
denominator. 

To THE Teacher. — As addition and subtraction of fractions are 
so nearly alike, examples in the two subjects are given together in the 
same lesson. 

186. In some cases, it is desirable to change the form of 
a fraction before adding or subtracting, as in the following 
example : 

3 . 5 . 2x + a 
o — » a + x »* — 0? 
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As the fractions are giyen, the lowest common denominator is the 
product of the denominators. If the third denominator were a' — x\ 
it would be the lowest common denominator. Dividing both terms of 
a fraction by the same quantity does not change the value of the frac- 
tion, therefore both terms of the third fraction may be divided by — 1. 
The denommator will then be — ic^ + a\ or a^ — x\ and the numerator 
will be — 2 X — a. Changmg any two si^yns of a fraction, as the sign 
of the numerator and the sign before the fraction, does not change the 
value of the fraction, hence the numerator may be changed to 2 x + a, 
leaving it as it was at first, and the sign before the fraction changed 
from plus to minus. Therefore, to make the desired change in the 
form of the fraction, change the signs in the denominator and the sign 
before the fraction. 

Sometimes the denominator of a fraction is expressed in its factors, 
as in the following : 

1 + I + 1 

(X - l)(aj - 2) ^ (2 - x){x - 3) (1 - a:)(3 - x) 

It is desirable to change the first factor in the second denominator 
to X — 2, and the factors in the third denominator to x — 1 and 
X — 3. In dividing any number, that is expressed by its factors, by 2, 
for example, only one factor must be divided by 2. Dividing both 
terms of the second fraction by — 1, remembering that in dividing the 
denominator, only the one factor, 2 — x, is divided, the numerator 
becomes — 1 and the denominator (x — 2)(x — 8). The sign of the 
numerator and the sign before the fraction may then be changed as 
in the first example. Dividing both terms of the third fraction by 
— 1 the first time, the numerator becomes — 1 and the denominator 
(x — 1)(3 — x). Dividing both terms by — 1 again, the numerator 
becomes 1 and the denominator (x — l)(x — 3). 

From the above the following principles are deduced : 

1. If the signs of one factor in the denominator are changedy 
the sign before the fraction must bt changed, 

2. If the signs of two factors in the denominator are 
changed, the sign before the fraction remains the same. 

Multiplication op Fractions. 

186. In mnltiplication of fractions, one or more of the 
factors are fractions. 
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187. Rule. — Easpress all factors in the fractional form. 
Cancel aU factors common to numeraJtors and denominators^ 
and multiply the remaining factors in the numerators together 
for the numerator of the produ^, and the remaining fadtms 
in the denominators together for the denominator of the 
product. 

Division of Fractions. 

188. In division of fractions, either the divisor or divi- 
dend is a fraction. Both may be. 

189. EuLE. — Express both dividend and divisor in (he 
fractiomd formy invert the divisor y and proceed as in muUtptv- 
cation of fractUms. 

190. A Complex Fraction is a fraction which has a fraction 
in its numerator, or in its denominator, or in both. 

191. To reduce a complex fraction to a simple one. 
BuLE. — Perform the indicated operations. 

8IMPLB equations. 

192. An Equation is the expression of the equality of two 
numbers or quantities. 

NoTB. — It is hoped that students using this book will pronounce 
this word e qua shun^ not e qua zUm. 

193. The Members of' an equation are the quantities at 
the right and left of the sign of equality. 

194. The First Member of an equation is the quantity at 
the left of the sign of equality. 

195. The Second Member of an equation is the quantity 
at the right of the sign of equality. 

196. Equations are distinguished as Identical Equations^ 
or Identities^ and Equations of Condition. 
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197. An Identical Equntion, or Identity, is on equation in 
which one member is exactly the same as the other, or in 
which one member is a development of the other. In an 
identity, the two members are equal, whatever number each* 
letter represents. 

The sign of identity is = . It is read is identical to. Iden- 
tities may also be expressed with the sign of equality. 

OfiB — CSOOJ — c 

(aj + 2)(aj-9) = a:«-.7aj-18 
{a + x)(b — y) = ab — ay + bx-'Xy 

Examples in addition, subtraction, multiplication, division, 
fractions, and factoring, when expressed in the form of equa- 
tions, are examples of identities. 

198. An Equation of Condition is an equation the two 
members of which are equal only when each letter repre- 
sents some particular value. See Art. 6, page 13. 

The term equation, as commonly used in algebra^ means 
an equation of condition. 

199. A Numerical Equation is an equation in which all 
the known quantities are represented by figures. 

Sx-S^6x + 10 -X 6» + 3a;-2aj = 3a5 + 24 

SiOO. A Literal Equation is an equation in which some or 
all of the known quantities are represented by letters. 
2a; + a = 5 — 4 2x + b = a-^x 

201. The Degree of an equation is determined by the 
largest number of factors of the imknown quantities in any 
term. 

5a;-f-7 = 2a; — aisan equation of the first degree. 
4a; — 3=0;^ — ^ is an equation of the second degree. 

202. A Simple Equation is an equation of the first degree. 
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208. An Axiom is a self-evident traih. 

204. Axioms. — 1. QuantiHea that are eqiud to the eame 
quantity aire equal to each oHher, 

2. If the same quantity or equal quantUiee he added to 
equal quantitiee, the sums wiU be equal. 

3. If the same quantity or equal quantities he subtracted 
from equal quantities^ the remainders wiU be equal. 

4. If equal quantities be multiplied by the same quantity or 
equal quantities, the products wiU be equal, 

6. If equal quantities be divided by the samje q^iamitiiiy or 
equal quantities, the quotients wUl be equtd. 

6. Equal powers of equal quantities are equal. 

7. Equal roots of eqtial qv^antities are equal. 

205. Transformation of equations is the process of cliang- 
ing their form without destroying the equality of the 
members. 

Every transformation of an equation inyolres one or more of the 
foregoing axioms, and it is of the utmost importance that students 
should be able to show what axiom is involved in each change. 

Transposition. 

206. Transposition is the process of changing a term 
from one member of an equation to the other. 

207. Principles. — 1. If the same quantity be added to 
equal quantities, the sums wiU be equal. 

2. If the same quantity be subtracted from equal quantities, 
the remainders wUl be equal. 



To transpose a term from one member of an equation 
to the other. 

BuLE. — Write the term in the opposite mmher with M 
3^ dkanqed. 
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CLSABnra Equations of Fraotionb. 

900. Principles. — 1. If a fiuction he miMplied by its 
denomiTiaJtOT or any multiple of its denominator, t/^ product 
foiU be an entire quantity. 

2. If several fractions he muUipUed hy a common multiple 
of their denominators, the products wiU he entire quantities, 

3. If equal quantities he multiplied hy the same quantity, 
the products will he equal. 

810. Bulb. — Multiply hoth members of the equation hy the 
lowest common multiple of the denominators. 

XXAMPLBS. 

6s — 120 + 39)+36 — 4« — 2a;-60 

8. _i_ + «nl 6_+«±i 

« — 1 x + 1 x + 1 aj — 1 

4a; + 4 + a:'-2a; + l = 6a; — 6 + as^ + 2a; + l 

211. If a fraction is preceded bj the minus sign, the sign 
of each term of the nmnerator must be changed when the 
equation is cleared of fractions. 

EXAMPLES. 

X gg — S a? + 12 _ 2 — g 
• 2 6 3 8 

12«-. 4a; + 32 — 826-96 = 6 — 3« 



_3 a + x a — x __2 



a + x a — x a + x o — as 

Za^ a8-o*-2 a»-a!^-<)?+2 aa5-a!^=2 o*-2 as^— 4 o— 4 z 
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Solution of Simple Equations. 

218. The Root of an equation is the value of the unknown 
quantity. 

213. The Solution of an equation is the process of finding 
the root of the equation. 

214. To aolye a simple equation. 

BuLE. — Ifneeeasaryj dear the eqwaJtion offrwtUm$. 

Transpose aU the terms containing the unknovon quantity to 
the first member of the equation^ and aU the known quantities 
to the second member of the equation. 

Unite aU the terms covUaining the unknown quantity into 
one term, and unite similar terms in the second member. 

Divide both members of the equation by the coefficient of the 
unknown quantity. 



ex + ^x — eO^Sx-'2x + 12 

6a; + 42B-32B-l-2a;»60 + 12 

9a; = 72 

Xss3 

2. ax—bsssbX'-e 
ax — bx^b'-c 
(o — 6)aj = 6 — c 

a — 6 
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8. ? + ?+3=?-*Zl2 
a b a b 

bx + oia + Sab=iSb — ax + 2a 

bx + aas + ax=:3b + 2a — 3ab 

(6 + 2a)aj = 3& + 2a-3a6 

j,_ 3& + 2a-3a6 

b + 2a 

Nora 1. —When the same quantity is fonnd in both members of 
the equation with the same eign, it may be canceled from both. 

NoTB 2. —The signs of all the terms of an equation may be 
changed without destroying the equality. 

NoTB 8. — It often happens in the solution of equations that when 
the terms containing the unknown quantity are united, the coefficient 
Is minus. If the first member is —4x, divide both members by — 4 ; 
if -6x, divide by -6; if -x, divide by -1; if -ax, divide by 
— «; eta 

Sfbgial SoLunoirs. 

216. In clearing equations of fractions^ if some of the 
denominators are monomials and some of them polynomials^ 
it is often advantageous to remove the monomial denomina- 
tors first and then the polynomial denominators. 

EXAMPLES. 

- 2g-9 , 2ag + 6 _ 4ag — 8 
6 "*"3aj-l 10 

4a.-18 + 20£+|0 = 4«-.8 

20a? + 60 _.|n 
3a?-l "" 

20fl; + 60r=:30a;-10 

-10aj = -70 

» = 7 
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- 6x — 3 3g-4 _ 2g — 6 
' 16 2x + 4: 5 

ex-s- ^'-^ ^.ex-is 



2ii! + 4 

45£-60. 
2a! + 4 

45a!-60 



-15 



= 16 



2x4 4 
46 a; — 60=:30« + 60 
162 = 120 
s = 8 

318. Sometimes it is best to combine fraotions before 
dearing of fractions. 





KXAMPTiE. 




1 1 


O — C 


. 1 , 


a + « 


a^c^ 


X 


a + e ' 


a 


— c 


a + e_ 


1 


1 


X 


X 


a + e 


a — c 


o— c — 


a — c 


a — e — 


o — « 


X 




0*- 


•c« 




-2c_ 

as 


-2c 






1^ 


1 





Non.— From the last solution it appears that if two fractiona 
having the same numerator are equal, the denominators are equal 

817. The verification of the result is the process of 
proving that the root satisfies the equation. 
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To verify the root of an equation. 
Bulb. — Substitute the value of the unknown quantity for 
its symbol in the original equaiion. IfU renders the two memr 
bers identical^ the value of the unknown quantity is correct. 

EXAMPLES. 

1. 3a5-8 + 2a? + 3 = 2x + 10 
3aj + 2a?- 2a? = 10 + 8 -3 
3x^15 
x=^5 

YEBIFICATIOK. 
16-8 + 10 + 3 = 10 + 10 

20 = 20 
X ag — 4 __ag , gg — 8 

20x-8x + S2 = 10x + 5x — 4O 
20a!-8a;-10z — 5a; = — 40 — 32 
-3« = -72 
x = U 

TBBIFICATIOK. 

¥-¥=¥+¥ 

12-4 = 6 + 2 
8 = 8 

Fboblehs. 

219. A Problem is a question requiring solution. 

220. The Solution of a problem is the process of finding 
the unknown number or quantity. 

221. The solution of a problem involves two operations^ 
the Statement^ and the Solution of the Equation, 
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222. The Statement of a problem is the expression of the 
conditions of the problem in algebraic symbols in the form 
of one or more equations. 

223. In the solution of problems in arithmetic^ the work 
proceeds from what is given toward the desired result; 
while in algebra, the problem is conceived as solved, and 
the work proceeds as though the result were to be verified. 
In this work, a letter everywhere takes the place of the 
unknown number. An equation is formed, and the solution 
of this equation gives the number represented by the letter, 
or the number sought. 

224. The statement of problems is the more difficult part 
of the solution. Since the conditions of problems in algebra 
are not the same, no rule can be given for the statement of 
them. The following directions will be helpful to the 
student. 

1. Let X, or some multiple of x, represent the unknoum 
quantity y or number. 

2. Express in algebraic language eaxih statement of the 
problem. 

3. Determine from the conditions of the problem what quanr 
tities are equal. 

4. Mnd algebraic expressions for these equal quantities. 
6. Eoepress the equality of these expressions. 

6. Solve the equation thus formed. 

Additional Suggestions. 

225. In the statement of problems, remember that the 
whole of a number or thing is equal to the sum of its parts. 

226. If a problem states that certain quantities are equal, 
find algebraic expressions for the two quantities and place 
ihem equal 
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227. To avoid fractions in the statement of problems, it 
is often advisable to let some multiple of x represent the 
unknown quantity. 

BXAMPLB. 

A has ^ as many sheep as B, B has | as many as C, and 
together they have 480. How many has each ? 

Let 12 X = the number C has ; 
then 8 X = the number B has, 
and 4x = the number A has. 
Since all have 480 sheep, 

129C + 8X + 42 = 480 
24x=:480 
«= 20 
4x = 80, the number A has, 
Bx = 160, the number B has, 
12x = 240, the number C has. 

228. In many problems, the equation is formed by getting 
two different expressions to represent the same thing and 
placing them equal to each other. See problem 69, page 
114; also problem 88, page 116. 

229. If the statement of a problem gives a proportion, 
an equation may be formed by placing the product of the 
means equal to the product of the extremes. 

When a problem states that two quantities are to each 
other as two numbers, as 3 to 5, for example, it means that 
the first quantity is 3 times a measuring unit, and the sec- 
ond quantity 6 times the same measuring unit. In such 
problems, it is convenient to represent the measuring unit 
by X. Then 3 x and 5 x will represent the quantities. In 
such a solution, the unknown quantities sought will be ceiu 
tain multiples of the value of x. 

230. If a problem states that one quantity is a certain 
number of times another, find algebraic expressions for the 
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two quantities, divide the greater quantity by the ratio and 
place the result equal to the smaller quantity ; or multiply 
the smaller quantity by the ratio, and place tiie result equal 
to the greater quantity. See problem 8^ page 108; also 
problem 53, page 112. 

231. If a problem states that one quantity is greater or 
less than another and gives the difference, find algebraic 
expressions for the two quantities, subtract the difference 
from the greater quantity, and place the result equal to the 
smaller quantity; or add the difference to the smaller quan- 
tity, and place the result equal to the greater quantity. See 
problems 11 and 17, page 109. 

232. The two members of an equation must represent 
like numbers. An expression representing dollars must 
not be placed equal to an expression representing cents ; an 
expression representing time must not be placed, equal to an 
expression representing distance; an expression representing 
yards must not be placed equal to an expression representing 
feet or inches. 

233. Every part of the statement should be definite, and 
it should be clearly indicated what each expression repre- 
sents. X must always represent some number. It must 
not equal money, but a nurnber of dollars or cents ; it must 
not equal time, but a number of years, days, or hours ; it 
must not equal weight, but a number of pounds or ounces ; 
it must not equal distance, but a numiber of ndles, rods, 
yards, feet, or inches. 

234. Miany problems given in algebra involve the prin- 
ciples of interest or percentage. Six per cent of any num- 
ber is Y^ of it. In arithmetic, any per cent of a number 
is usually found by multiplying tiie number by the rate 
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expressed decimally; but in algebra, it is customary to 
express the rate and the product obtained in the form of 
a common fraction. Thus, 5 per cent of x is yf^ of x, or 
^; X per cent of 800 is ^ of 800, or 4^; etc 

235. Problems are often given in algebra in which it is 
required to find the time it will take two or more persons 
to do a piece of work. These problems generally state the 
time required for each to do the work. In all such prob- 
lems, the method of solution is similar. Let x represent the 
number of units of time required. Find the fraction of 
the work that each can do in one unit of time, and then the 
fraction that he can do in x units of time. By Art 225, 
the sum of the fractions that they can do in a; units of time 
must equal the whole work, or 1. 

Such problems may also be solved by finding the fraction 
that all can do in one unit of time, and the fraction that 
each can do in one unit of time, and placing the sum of the 
fractions that each can do in one unit of time equal to the 
fraction that all can do in one unit of time. 

236. Problems are often given which relate to the move- 
ment of the hands of a clock. These are stated in various 
ways, but in all of them it is required to find at what time 
or times the hands will be in certain relative positions. 
The most common requirement in these problems is to find 
at what time between certain hours the hands will be to- 
gether, or at what time the hands will be a certain number 
of minute-spaces apart. In the solution of such problems, 
let X represent the number of minute-spaces passed over by 
the minute-hand before the required conditions are fulfilled. 
It is evident that the number of minute-spaces passed over 
by the minute-hand determines the number of minutes after 
the given hour. Now, since the minute-hand goes 12 times 
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as fast as the hour-hand; f^ will represent the number of 
minutenspaces passed over by the hour-hand in the same 
time. At the beginning of any given hour, the minute-hand 
is at 12, and at every hour except 12 the hour-hand is ahead 
of the minute-hand. In forming the equation, it is necessary 
to determine whether the condition is fulfilled before the 
minute-hand passes the hour-hand, when the hands are 
together, or when the minute-hand is in advance of the 
hour-hand. In the first case, x is equal to the number of 
spaces the hour-hand is in advance of the minute-hand, plus 
•^, minus the number of spaces the hour-hand is ahead of 
the minute-hand when the required condition is fulfilled. 
In the second case, x is equal to the number of spaces the 
hour-hand is in advance of the minute-hand, plus ^. In 
the third case, x is equal to the number of spaces the hour- 
hand is in advance of the minute-hand, plus ^, plus the 
number of spaces the minute-hand is ahead of the hour- 
hand when the required condition is fulfilled. 

To THB Tbaohbr. — A carefol stady of the foUowing qoestions 
will prepare students for the statement of problems. 

1. If a man has x sheep in one field and y in another, 
how many has he in both fields ? 

2. If you are x years old to-day, how old will you be in 
four years? 

8. The difference of two numbers is 18. If the smaller 
number is x, what is the larger number ? 

4. A man bought a coat for x dollars, and sold it at a 
profit of 4 dollars. How much did he receive for it ? 

5. A man sold a boat for x dollars and lost y dollars. 
How much did he pay for the boat ? 

6. The sum of two numbers is y. If the larger number 
is X, what is the smaller number ? 

9 
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7. The difference of two numbers is 18. If the largei 

number is x, what is the smaller number ? 

8. If a man is x years old to-day, how old was he four* 
teen years ago ? 

9. A man bought a horse for y dollars, and sold it at a 
loss of X dollars. How much did he receive for the horse ? 

10. A man sold a wagon for 80 dollars and gained b 
dollars. How much did he pay for the wagon? 

11. A boy bought x apples at a cents apiece, and sold 
them at h cents apiece. If he gained, what was his gain? 

12. A man bought x sheep at a dollars a head, and y 
sheep at b dollars a head. How much did they all cost ? 

18. If you are x years old, how old is your father, who is 
three times as old ? 

14. If a boy has x half-dollars, how many cents has he? 

16. At X dollars a head, how much will 125 sheep cost ? 

18. A has X sheep, and B has y. How many would C 
have, if he had half as many as A and B together ? i 

17. If you have x quarters and y dimes, how many cents I 
have you ? I 

18. If a man can do a piece of work in x days, what part 
of it can he do in one day ? 

19. If you have x half-dollars and y quarters, how many 
dollars have you ? 

20. A boy received a cents from his father, earned b cents, 
and spent 8 cents for candy. How much had he left ? 

21. A man paid x dollars for three pair of shoes. How 
much did each pair cost? 

22. A farmer received y dollars for sheep, which he sold 
at X dollars a head. How many did he sell ? 
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28. A merchant sold x yards of silk for $ 46. At what 
price per yard did he sell it ? 

24. If a yards of silk cost x dollars, how much will 
twenty-four yards cost? 

25. A man sold a bushels of apples at b cents a peck and 
X bushels of pears at y cents a peck. How much did he 
receive for both? 

26. The sum of the ages of three boys is 4 a? years. What 
will be the sum of their ages in six years? 

27. If 8 books cost x dollars, how many books can be 
bought for a dollars at the same price? 

28. If a man can do a piece of work in 8 days, what part 
of it can he do in a; days? 

29. What is the interest of a dollars for four years at x 
per cent per annum ? 

30. What is the interest of a dollars for x months at five 
per cent per annum ? 

81. What is the interest of a dollars for three years and 
eight months at x per cent per annum ? 

32. If cc is the smallest of four consecutiye nimibers, what 
are the other numbers ? 

83. If A has X sheep, how many has B, who has 18 less 
than j- as many as A ? 

34. What is the number in which there are x hundreds, 
y tens, and z units ? 

85. What is the area of a rectangle whose length is x feet 
and whose width is y feet ? 

86. What is the area of a rectangle whose length is x feet 
and whose width is y inches ? 
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87. If the dividend is a, the divisor b, and the remainder 
Cf what is the quotient ? 

88. A man bought x acres of land at a dollars -pev acre 
and sold it at a profit of b dollars an acre. How much did 
he get for it? 

89. A speculator bought a horses at y dollars a head and 
sold them at a loss of x dollars a head. How much did he 
get for them ? 

40. A grocer bought a pounds of tea at as cents a pound 
and sold it at y cents a pound. If ^ is greater than x, did 
he gain or lose? How much? 

Statement and Solution of Pboblems. 

1. One-half of a certain number increased by two-fifths of 
the same number equals 81. What is the number ? 

Let z = the number ; 

then - = one-half of the number, ' 
2 

and — = two-fifths of the number. 
6 

Since the sum of the two parts is 81, 

6x + 4a; = 810 

X = 90, the required number. 

2. Three boys together have 350 marbles. Frank has 20 
more than John^ and Harry has 25 more than Frank. How 
many has each ? 

Let X = the number John has ; 
then X + 20 = the number Frank has, 
and X + 46 = the nnmber Harxy has. 
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Since they all have 360 marbles, 

x + x + 20 + a( + 45 = 860 
Sx = 286 

X = 06, the number John haa^ 
06 + 20 = 116, the number Frank haSi 
06 + 46 = 140, the number Hany has. 

3. The difference between two nninbers is 37^ and if 131 
be added to the larger number, the result will be three times 
the smaller number. Find the numbers. 

Let X = the larger number ; 
then X — 37 = the smaller number. 

Since the larger number, hicreased by 131, is equal to three timee 
the smaller, 

« + 131 = 3x-lll 
-2x = -242 

X = 121, the larger number, 
121 — 37 = 84, the smaller number; 

▲NOTHBB BOLUTIOir. 

Let as = the smaller number; 
then X + 37 = the larger number. 
Since the laiger number, hicreased by 131, is equal to three times 
the smaller, 

« + 37 + 131=:3x 

-2x = -168 

X = 84, the smaller number^ 
84 + 37 = 121, the laiger number. 

4. Divide 69 into two parts such that four times the 
smaller part shall exceed twice the larger part by 26. 

Let X = the smaller number ; 
then 60 — X = the larger number. 
Shice four times the smaller number exceeds twice the larger l^ 26, 
4x~26 = 118-2x 
6x=:144 
X = 24, the smaller number, 
00 * 24 = 36, the larger number. 
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AHOTHER BOLUTIOir. 

Let X = the larger number ; 
then 69 — X = the smaller number. 
Since four times the smaller number exceeds twice the larger 1^ 26, 
4(69-«)-26=:2» 
2a6-4x-26 = 2x 

-6x = -210 

X = 85, the larger number, 
69 — 35 = 24, the smaller number. 

6. A man sold some sheep at $ 3 a head and three times 
as many at $ 4 a head, receiying for all 9 375. How many 
did he sell? 

Let X = the number sold at $3 a head ; 
then 3 X = the number sold at $4 a head. 

3 X = the number of dollars receiyed for the first, 
and 12 X = the number of dollars received for the second. 
Since he reoeiyed for all $ 375, 
Sx+12x = 375 
I6x = 376 

X = 25, the number sold at $ 3 a head, 
3 X = 75, the number sold at $4 a head, 
75 + 25 = 100, the whole number sold. 

6. The sum of a third and fourth of a number exceeds 
the difference between a half and third of the number by 
50. Find the number. 

Let X = the number ; 
then I = one-third of the number, 

and J = one-fourth of the number, 
4 

fmd ^= one-half of the number* 
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From the conditions of the prohlem« 

3^4 2 3^ 
4x + 3x = 6x-4x + 0OO 
5x = d00 
X = 120, the required nnmher. 

7. A can do a piece of work in 6 dayS; and B can do it 
in 8 days. In how many days can both do the work ? 

Let X = the numher of days required for hoth to do it 

I = the part that A can do in 1 day, 
6 

and 1= the part that Acandota.days. 

i = the part that B can do in 1 day, 
8 

and I = the part that B can do hi x days. 
Since they do all of the work in x days, 

4x + 3x = 24 
7x = 2* 
X = 3f , the number of 4ayB. 

8. A man is three times as old as his son^ but in ten 
years he will be only twice as old. Find the age of each. 

Let X = the son^s age now ; 
then 3x = the father^s age now. 
X + 10 = the son's age 10 years hence, 
and 3x + 10 = the father's age 10 years hence. 
Since the father will he twice as old as the son 10 years hence, 

2 

Sx + 10 = 2x + 20 

X = 10, the son's age, 
8 X = 30, the lather's a^. 
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9. At what time between 4 and 5 o'clock are the hands 
of a clock together ? 

Let X = the number of minate-Bpaces pnnnnd over l^ the miniite- 
hand before the handa are together ; 
then ^ = the nomber of miniite-spaces paaaed over by the hour-hand 
in the same time. 

12x = 240 + x 
llx = 240 
x = 21A 

The number of minute-spaces passed over by the minute-hand 
before the hands are together is 21^, henoe the time is 21^ minutes 
after 4. 

10. At what times between 5 and 6 o'clock are the hands 
of a clock at right angles to each other ? 

Let z = the number of minute-4Eqpaces passed over by the minute- 
hand before the hands are at ri^^t angles to each other ; 

then ^ = the number of minute-spaoes passed over l^ the hour-hand 
in the same time. 

It is evident that the hands are at right angles twice between 5 and 
6, once before the minute-luuid passes the hour-hand, and onoe after 
the minute-hand jmsses the hour-hand. 

The two equations are as follows : 

x = 26.h§-15 
e = 26 + ^+l* 

SIMULTANBOnS EQUATIONS. 

237. An Indeterminate Equation is an equation containing 
two or more unknown quantities whose values can not be 
definitely determined. 

x + y^l8 2«-2y»:14 
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238. It is evident that the values of the unknown quan- 
tities in an indeterminate equation can not be definitely 
found, for the value of either one is determined by the 
value assigned to the other. But if another equation is 
given, expressing different relations between the unknown 
quantities, there is but one pair of values that will satisfy 
both equations. 

239. Simultaneous Equations are equations in which each 
unknown quantity represents the same value in the several 
equations. 

» + y = 8 3a:-2y = 16 

»-y = 2 2a? + 3y = 28 

240. Independent Squations are equations that express 
different relations between the unknown quantities, and 
neither can be reduced to the form of the other. 

« + y=:12 3a? + 2y = 22 

»-y = 10 2a; + 32^ = 23 

241. Every simple equation containing two unknown 
quantities is indeterminate, hence two independent simul- 
taneous equations are necessary to determine the values of 
two unknown quantities. 

242. To solve two simultaneous equations containing two 
unknown quantities, it is necessary to combine them in 
such a way as to form a single equation containing but one 
unknown quantity. This process is called elimination, 

243. Slimination is the process of combining two simul- 
taneous equations containing two or more unknown quanti- 
ties in such a way as to obtain a single equation in which 
one of the unknown quantities does not appear. 



230 ALGEBRA. 

Elimination by Addition or Subtraction. 

244. Principles. — 1. If equal quantities he added to 
equal quantities^ the sums will he equal, 

2. If equal quantities he subtracted from equal quantities, 
the remainders will he equal. 

245. Rule. — Determine which of the two unknown quan- 
tities is to he eliminated. 

If necessary, multiply one or hoth equations by such a num- 
ber as will make the coefficients of thai unknown quanlUy the 
same in both equations. 

If the signs of the quantity to be eliminated are unlike, add 
the equations, member to member ; if the signs are alike, 
subtract one equation from the other, member from m£mber. 

EXAMPLES. 



1. 


x + y= 8 
x-y= 6 


(1) 

(2) 


Adding (1) and (2), 


20! =14 


(3) 


Dividing (3) by 2, 


0!= 7 




Substituting in (1), 
Transposing, 


7 + y = 8 

y = 8-7 


(4) 
(6) 


2 


3a! + 3y = 9 
3a! + 2y = 7 


(1) 
(2) 


Subtracting (2) from (1), 


y = 2 




Substituting ia (1), 
Transposing, 
Dividing (4) by 3, 


3a! + 6 = 9 
3a! = 3 

a!=:l 


(3) 
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8. 


9a! + 4y = 43 

3a! + 23/ = 17 


(1) 

(2) 


Multiplying (2) by 2, 


9a! + 4y = 43 
6a! + 42^=:34 


(1) 
(3) 


Subtaracting (3) from (1), 
Dividing (4) by 3, 
Substituting in (2), 
Transposing, 

Dividing (7) by 2, 


3a! =9 

a!= 3 

9+2y = 17 
2y = 17-9 
2y = 8 
y = 4 


(4) 

(6) 
(6) 
(7) 


4. 


3a! + 2y=!21 
2a! + 3y = 19 


(1) 
(2) 


Multiplying (1) by 2, 
Multiplying (2) by 3, 


6a!+4y = 42 
6a! + 9y = 57 


(3) 
(4) 


Subtaracting (3) from (4), 


6y = 15 


(5) 


Dividing (6) by 6, 
Substitiiting in (1), 
Transposing, 

Dividing (8) by 3, 


y= 3 
3a! + 6 = 21 
3a, = 21-6 
3a! = 15 

a! = 5 


(6) 
(7) 
(8) 


6. 


ax + by = e 
bx — ay=id 


(1) 
(2) 


Multiplying (1) by a, 
Multiplying (2) by 6, 


a*x + alby = ac 
b*x — aby = M 


(3) 
(4) 


Adding (3) and (4), 


a*x + ljhi = ac-\-hd 


(6) 




(a*+iF)x = ac + bd 


(6) 



Dividing (6) by a* + 6», aj = 



(w + bd 



a^ + V 
To find the value of y, combine (1) and (2) and eliminate x. 
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Non l.» Select the quantity to be eliminated which has the 
smaller coefficients, or which requires the smaller multipliers to 
make its coefficients equal. 

NoTB 2. — If the coefficients of the quantity to be eliminated ar^ 
prime to each other, each coefficient may be used as the multiplier for 
the other equation. 

NoTB 3. — If the coefficients of the quantity to be eliminated are 
not prime to each other, multiply by such numbers as will produce 
their lowest common multiple. 



Elimination by Substitution. 

846. BuiiB. — Determine which of the two unknown quanr 
titles is to be eliminated. 

From either eqticUion, find the valv^ of that unknown quanr 
tity in terms of the other. 

Substitute this value for the sam^e unknown quantity in the 
oiOieT equation, 

EXAMPLE. 





3aj + 2y = 8 


(1) 




5aj-3y=:7 


(2) 


Transposing 2 y in (1), 


3a: = 8-2y 


(3) 


Dividing (3) by 3, 


^ 8-2y 
^ — 3 


(4) 


Substituting in (2), 


«^ 3, = T 


(6) 


Clearing of f ractions^ 


40-10y-9y = 21 


(6) 


Transposing, 


-10y-9y = 21-40 


(7) 




-19y = -19 


(8) 


Dividing (8) by -19, 


y=i 




Substituting in (2), 


6a!-3 = 7 


(9) 


Transposing, 


6a! = 7 + 3 


(10) 




6a; = 10 


(11) 



Dividing (11) by 5, a; = 2 
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Elimination by Comparison. 

247. Principlb. — Things which are equal to the same 
thing are equal to each other. 

248. Rule. — Determine which of the two unknown quan- 
tities is to he diminatecL 

From each equation, find the value of that unknown quanr 
tUy in terms of the other, 
Hace these two values equcd to eaxh oOier. 





3« — 2^ = 14 
4a! + 3y = 30 


(1) 
(2) 


Transposing — 2y in (1), 
Transposing 3y in (2), 


3a! = 14 + 2y 
4a; = 30-3y 


(3) 
(4) 


Dividing (3) by 3, 


3 


(6) 


Dividing (4) by 4, 


30-3y 

4 


(6) 


By Art 247, 


U + 2y 30-3y 
3 ' 4 


(7) 


Clearing of fractions, 
Transposing, 


56 + 8y = 90-9y 

8y + 9» = 90-66 

17y = 34 


(8) 

(9) 

(10) 


Dividing (10) by 17, 
Substituting in (1), 
Transposing, 


» = 2 
3«-4 = 14 
32 = 14 + 4 
3a! = 18 


(11) 
(12) 

(13) 


Dividing (13) by 3, 


a! = 6 





234 ALGEBRA.. 

249. Fractional simultaneous equations, the denominators 
of which are the unknown quantities and simple ezpres- 
sionsy are readily solved without clearing of fractions. 

BXAMPLBS. 



1. 


i+i=3 

x^y 
X y 


(1) 

(2) 


Adding (1) and (2), 


\ - 


(3) 


Clearing of fractionSi 
Transposing^ 
Dividing (5)by — ^ 


2s4a; 
-4« = -2 


(4) 
(6) 


Substituting in (1), 


2+-=3 

y 


(6) 


Transposing, 


i=3-2 
V 


(7) 




1«1 

y 


(8) 




»=i 




%. 


2^3 7 
x^y^Z 
3 2 9 

x^y~i 


(1) 
(2) 


Multiplying (1) by 3, 


« + ? = 7 

x^y 


(3) 


Multiplying (2) by 2, 


6,49 
i+P = 2 


(4) 


Subtracting (4) from (3), 


6 6 


(6) 
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(6) 

(7) 

(8) 

(9) 
(10) 



(1) 

(2) 

Multiplying (1) by I f,+f = i (3) 



Clearing of fractions, 


10 = 6» 


Dividing (6) by 6, 


y = 2 


Substituting in (1), 


2 3 7 
x^2 3 


Transposing, 


2 7 3 
«~3 2 




2^6 
« 6 . 


Clearing of fractions, 


12 = 50! 


Dividing (10) by 6, 


iBs2f 


8. 


3 1 _63 

2a!''"3y 120 



5 

30! 


3 


7 

:'6o 


9 

4a! 

6 

9a! 


3 

6y = 


63 
"80 

7 
180 




101 


606 




36 a! 

1 


720 
6 



Multiplying (2) by |, ^-^ = j|5 W 

Adding (3) and (4), M=^ (6) 

Dividing (6) by 101, 31^=^ <*> 

Multiplying (6) by 36, i=j (7) 
Clearing of fractions. 

Substituting in (2), ?5- ^, = ST <^ 

(9) 





36 a! 


720 






1 
a! 


1 

S — 

4 






aj = 


= 4 




6 
12 


3 


7 
"60 






3 
-2-y- 


7 
= 60" 


5 
12 
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3 18 

2y 60 


(10) 


Dividing (10) by — 3, 


1 1 

2y 10 


(11) 


Clearing of fractions, 


10 = 2y 


(12) 


Pividing (12) by 2, 


y = 6 




4. 


as y 


(1) 




a? y 


(2) 


Multiplying (1) by a, 


a a 

=:ac 

X y 


(3) 




as y 


(2) 


Subtracting (3) from (2), 


- + -=d-«c 


(4) 




« + » = d «c 

/ y 


(6) 


Clearing of fractions, 


a + b = dy-acy 


(6) 


Transposing, 


dy — acy = a + b 


(7) 




(d — ac)y = a + b 


(8) 


Dividing (8) by d - oc, 


„_« + » 
* d-ac 





Three or More TTnkkowv Quantitibs. 

260. To determine the values of two unknown quantities, 
two independent simultaneous equations are necessary. 
To determine the values of three unknown quantities, three 
independent simultaneous equations are necessary. And 
generally, there must be as many independent simultaneous 
equations as there are unknown quantities. 
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251. Groups of three or more simultaneous equations 
may be solved by either of the methods of elimination 
already given, but the method of elimination by addition 
or subtraction is generally the most convenient. 



i. Bulb. — Determine which of the three unknown quan- 
tities is to he eHiminated first. 

CoTobine one of the equaJtions with ea/ih of the others^ eiivMr 
noting that unknown quantity each time. The two resulting 
equations wiU contain the sam^ two unknown qu^intities. 

Combine these two equations, diminating one of the unknown 
quantities in them, and find the value of the other. 

Substitute the value of that unknown quantity in one of the 
equations containing two unknown quantities, a/nd find (he 
value of the second unknown quantity. 

Substitute the values of the two unknown quantities found 
in one of the original equations, and find the value ofih^ third 
unknown quantity. 

EXAMFLBS. 

1. 6a + 4y-3« = 23 (1) 

2x + 3y + 2z = 20 (2) 

4a-2y + 62 = 27 (3) 

605 + 4^-32 = 23 (1) 

Multiplying (2) by 3, 6a5 + 9y + 6g = 60 (4) 

Subtracting (1) from (4), By + 9z = 37 (6) 

Multiplying (2) by 2, 4aj + 6y + 42 = 40 (6) 

4a.^2y + 6g = 27 (3) 

Subtracting (3) from (6), 8y- 2 = 13 (7) 

6y + 92= 37 (6) 

Multiplying (7) by 9, 72y-92 = 117 (8) 

Adding (6) and (8), 77 y =154 <9) 
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Dividing (9) by 77, 


y = 2 




Substitating in (7), 


16-« = 13 


(10) 




-» = -3 


(11) 


Dividing (11) by —1, 


« = 3 




Substitating in (1), 


6a! + 8-9 = 23 


(12) 




62 = 24 


(13) 


Dividing (13) by 6, 


a; = 4 





NoTB. — One or more of the equations may contain only two of the 
unknown quantities. Notice carefully the two following solutions. 



8. 


6a! 


+ 2y- 5z- 28 


(1) 




5z 


-Sy+ 2«= 17 


(2) 




7x 


+ 3«= 41 


(3) 


Multiplying (1) by Z, 


18 a;- 


f 6y-16a= 84 


(4) 


Multiplying (2) by 2, 


lOas 


-6y+ 42= 34 


(5) 


Adding (4) and (5), 


28 a! 


-lla = 118 


(6) 


Multiplying (3) by 4, 


28 a! 


+ 12« = 164 


(7) 


Subtracting (6) from (7), 




232= 46 


(8) 


Dividing (8) by 23, 




2 = 2 




Substituting in (3), 




7aj + 6 = 41 


(9) 






7 a! = 36 


(10) 


Dividing (10) by 7, 




a; = 6 




Substituting in (1), 


30 + 2y-10 = 28 


(11) 






2y = 8 


(12) 


Dividing (12) by 2, 




y=4 
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s. 


Sx+ 2y- 28 


(1) 


• 


8y- 3»= 19 


(2) 




6z- 4a;= 18 


(3) 


Multiplying (1) Iqr 4, 


12a!+ 8y = 112 


(4) 




-3z+ Sy- 19 


(2) 


Subtracting (2) from (4), 


12a;+ 3«= 93 


(6) 


Multiplying (3) by 3, 


-12a! + 18a= 64 


(6) 


Adding (5) and (6), 


21» = 147 


(7) 


Dividing (7) by 21, 


2 = 7 




Substituting in (2), 


8y-21 = 19 


(8) 




8y = 40 


(9) 


Dividing (9) by 8, 


» = 6 




Substituting in (1), 


3a! + 10 = 28 


(10) 




3a! = 18 


(11) 


Dividing (11) by 3, 


x=>6 





PbOBIiEMS. 

2S3. Many problems in algebra, which really contain 
two or more unknown quantities, can readily be solved by 
the use of a single equation, containing but one unknown 
quantity. This is possible with problems in which the 
relations between the unknown quantities are so simple 
that all of them can be expressed in terms of a single 
unknown quantity. When the relations between the un- 
known quantities are more complex, it is more convenient 
to introduce as many unknown quantities as there are 
unknown numbers. Such solutions will involve simul- 
taneous equations. In all such problems, there must be 
enough conditions expressed so that as many independent 
equations can be formed as there are unknown numbers 
to be found. 
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1. The larger of two numbers exceeds three times the 
smaller by 14tf and twice the larger exceeds five times the 
smaller hj 36. Find the numbers. 

Let X = the larger number, 
and y = the smaller nunber. 
a;-8y = 14 
2x-6y = 3d 

2. If 5 pounds of tea and 3 pounds of coffee cost $ 4.60, 
and 8 pounds of tea and 8 pounds of coffee at the same 
prices cost 9 S, what is the price of each per pound ? 

Let X = the price of the tea in cents, 
and y = the price of the coffee in cents. 

6x + 8y = 460 

8x-4-8y=:800 

8. Find three numbers whose sum is 90. ^ of the first 
plus \ of the second plus ^ of the third is 28 ; and if 50 be 
added to the first, the sum will equal twice the second. 

Let X = the fint nomber, 
and y = the second nmnber, 
and z = the third number. 
x + y + « = 90 

x + 50 = 2y 

4. A certain number of three digits is equal to nine times 
the sum of the digits. The digit in tens' place is three 
times the digit in units' place ; and if 97 be added to the 
number, the digits will be interchanged. Find the number. 

Let X = the digit in hundreds* place, 
and y = the digit in tens* place, 
and 2; = the digit in imits* place. 
lOOx + lOy + i? = the number. 
100 X + 10 y + « = 9(x + y + «) 
y = Sz 
lOOx + lOy + » + 97 = 100« + lOy + « 
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QUADBATIO EQUATIONS. 

A Quadratic Equation is an equation of the second 
degree in the unknown quantity or quantities. 

3aj^ = 12. Sar* + a = ar» - 9a. a? 4- 2ajy = 16. 

A Pure Quadratic Equation is an equation which con- 
tains only the second power of the unknown quantity. 

5»« = 20. 2aj2 - c = 8c - a?. aj' - 2& = a. 

Solution of Pure Quadratio Equations. 

15a? + 30 = 9ar» + 180 

6ar^ = 150 

a? = 25 

a; = ±5 

BxTLE. — Reduce the equation to the form ofa?=^a, and 
extract the square root ofhoth members. 

If the second member is not a square, indicate the square root of it 
by the use of the radical sign. 

1. ar^ + 8 = 16 - a?*. 2. 5ar» - 9 = 7 - 3a?. 

8. a? 4- 4 = 2a? -5. 4. 3a? -10 = a? -9. 
5. a?-14 = 18-a?. 6. 4a?-8 = a? + 10. 
7. 2a? + 5 = a? + 30. 8. a? + 18 = 2a? 4- 6. 

9. (a; 4- 1)' = 2a; + 9. 10. 3a?-7a = a? + a. 
11. 5a? - 7 = 3a? 4- 29. 12. 4a? - 23 = a? 4- 4. 
18. 7a? + 6 = 4a? + 32. 14, 3a? + 4 = 2a? 4- 6. 
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1. The square of a number exceeds the square of 
8 fourths of the number by 175. Find the number. 

2. (a; 4- 3)' - 8 = 2(3a? 4- 13). 
3. The square of a number increased by the square 
of 1 half of it is 720. Find the number. 

J, 2ar^-6 , ar^ + 9 ^ + 20 _ „ 
*• ~3~ ^ ~5 ~^~ ~ ^• 

5. Two numbers are to each other as 4 to 7, and the 
sum of their squares is 585. Find the numbers. 

^ 3ar^-3 5a? 4- 1 a? - 5 ^ 

6-4 9 5- = ^- 

7. The product of two numbers is 528. The quo- 
tient of the greater divided by the less is 3§. Find 
the numbers. 

o 2a . a? 6a* — a? -. aj + 3 . aj — 3 „, 

X a ax aj — 3aj + 3 

10. The smaller of two numbers is \ of the larger, 
and the difference of their squares is 540. Find the 
numbers. 

3 4 2 — a;24-a;* 

13. A rectangular field of six acres is 1§ times as long 
as it is wide. Find the dimensions of the field. 

- - 2a . 5a: + 2a ^ -. 2(a? + 6) ^ +.a? 

14. + — = — 1. 15. — ' = — - — . 

a? — a 3a: 3 9 

16. The sum of the squares of two consecutive num- 
bers exceeds twice the smaller by 33. Find the num- 
bers. 

17. A man bought land for $960, paying 3 fifths as 
many dollars per acre as there were acres in the piece. 
At what price per acre did he buy the land ? 
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1. The product of three times and four times a cer- 
tain number is 768. Find the number. 

2. The product of the third and sixth parts of a 
certain number is 32. Find the number. 

3. Find three numbers that are to each other as 2, 
3, and 5, and the sum of whose squares is 608. 

4. Two numbers are to each other as 3 to 8, and the 
diflference of their squares is 1375. Find the numbers. 

5. The sum of the squares of two consecutive num- 
bers exceeds twice the larger by 71. Find the numbers. 

6. There are 16 square yards in a piece of paper the 
length of which is 9 times the width. Find the length. 

7. One number is | of another, and the difference 
of their squares is 400. Find the numbers. 

8. Five equal squares of paper contain 304 square 
inches less than a square 32 inches on each side. Find 
the length of each of the five squares. 

9. The sum of the squares of two successive even 
numbers exceeds four times the smaller number by two 
hundred ninety -two. What are the numbers. 

10. The dimensions of a rectangular field are to each 
other as 8 to 5, and the field contains twenty-five acres. 
Find the dimensions of the field in rods. 

11. A man worked 12 times as many days as he re- 
ceived dollars per day and earned $147. How long 
did he work and what did he receive per day ? 

12. The area of one square field is four times that of 
another, and both together contain 1125 square rods. 
What is the length of a side of the smaller square? 
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RATIO. 

397. Ratio is the relation of one number to another of 
the same kind, expressed by the quotient of the first divided 
by the second. 

398. The Terms of a ratio are the two numbers com- 
pared. 

399. The Sign of Ratio is a colon (:). By the definition 
of ratio, it must have the same signification as the sign of 
division. 

400. Since a ratio is determined by divisioui a ratio may 
be indicated in three ways, as follows : 



401. The Antecedent is the first term of the ratio. 

402. The Consequent is the second term of the ratia 

403. A Couplet is the two terms of a ratio. 

404. A Ratio of Equality is a ratio whose terms are 
equal. 

405. A Ratio of Greater Inequality is a ratio whose first 
term is greater than the second. 

406. A Ratio of Less Inequality is a ratio whose first 
term is less than the second. 

407. The Reciprocal of a ratio is the ratio obtained by 
interchanging the terms. It is also called an inverse ratio. 

408. A Simple Ratio is a ratio whose terms are expressed 
by single numbers. 

409. A Compound Ratio is a combination of two or more 
simple ratios. It is compounded by taking the product of 
the corresponding terms of the simple ratios. 
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410. A Duplicate Ratio is the ratio of the squares of the 
two terms. 

411. A Triplicate Ratio is the ratio of the cubes of the 
two terms. 

412. A Subduplicate Ratio is the ratio of the square 
roots of the two terms. 

413. A Subtriplicate Ratio is the ratio of the cube roots 
of the two terms. 

414. Since any ratio may be expressed as a fraction, all 
the principles of fractions apply to ratios. For principles 
of fractions, see Art. 171. In stating them, it is only neces- 
sary to substitute the word antecedent for numerator, conse- 
quent for denominator J and nUio for the value of the fraction. 

Simplify the following ratios : 



1. 


3|:2f. 


2. 


9 in. : 2 yd. 




8. «1.75:«2. 


4. 


8|:lf 


5. 


4 rd. : 6 ft. 




6. $16: $.80. 


7. 


2f:6i. 


8. 


6 oz. : 3 lb. 




9. « 4.20: $9. 


10. 


a«& : a6'. 


11. 


4V3:2V2. 




12. 12V64:V2. 


13. 


a?y*:«^. 


14. 


2\/3:3V2. 




15. 14^:2V3. 


16. 


a? — f:X' 


-y. 


17. 


a? 


-8a;4-15:a:*-6a?. 


18. 


x + yia?' 


-2/". 


19. 


iB* + 7a;-f-12:3aj4-a:*. 



20. Arrange the ratios 3:4, 6:6, V26 : V64, 2 : 3, and 
6 ViO : V2 in descending order of magnitude. 

21. What is the ratio compounded of 4:6, 16 : 16, and 
12:6? Ofl4:18,16:7,andl2:26? 

22. What is the ratio compounded of c^x : hy^ and 
by-.a^x? Ot4:a^b:3aV,3aa^:2bf,QJidby:Saa^? 

23. What is the ratio compounded of 32 : 16 and the 
duplicate ratio of 6:4? 
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24. What is the ratio compounded of aV : 26y and the 
triplicate ratio oi2by:ax? 

25. What is the ratio compounded of 4:3 and the sub* 
duplicate ratio of 3 : 8 ? 

26. What is the value of x when the ratio of 17 — a? : 18 
+ a; is two-thirds ? 

27. By what number must the terms of the ratio, 13 : 17, 
be equally diminished to make it equal to the ratio of 
5:8? 

PROPORTION. 

415. A Proportion is the expression of the equality of 
two ratios. The equality may be indicated by the sign 
of equality or by the double colon, as follows : 

a:b=:c:d r = ^ a:b::c:d 

o a 

416. Four numbers are said to be in proportion when the 
ratio of the first to the second is equal to the ratio of the 
third to the fourth. The four numbers are called propor- 
tioncUs, and the fourth number is called a, fourth proportional, 

417. The Terms of a proportion are the four terms of the 
two equal ratios. 

418. The Extremes of a proportion are the first and 
fourth terms. 

419. The Means of a proportion are the second and third 
terms. 

420. A Continued Proportion is a succession of two or 
more equal ratios, in which each consequent is the anteced- 
ent of the next ratio. 

a;b;;b;c;;c;di;d:e 
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421. Numbers are said to be in continued proportion 
when the first is to the second, as the second is to the third, 
as the third is to the fourth, and so on. 

422. A Mean Proportional is the second of three numbers 
that are in continued proportion. 

423. A Third Proportional is the third of three numbers 
that are in continued proportion. 

Pbinciples op Pboportion. 

424. The following principles of proportion are demon- 
strated by the use and transformations of equations. Only 
the various forms of the equations are given, and students 
are expected to determine how each form is obtained and 
what axioms are involved in the change. 

425. If four numbers are in proportion, theprodtut of the 
extremes is equal to the product of the means. 

If a:b=^c:d 

5 — 5. 
b d 
.•. ad = hc 

426. A mean proportional between two numbers is the 
wquare root of their product. 

If aib^bic 

.'. b^^'/ac 

427. Either extreme of a proportion is equal to the product 
of the means divided by the other extreme, and either mean is 
equal to the product of (he eoctremes divided by the other mean. 

If a:b^c\d 

ad=bc 

ass^ d = — 6 = — c = — 
d a G b 
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428. Ifiheprodud of two numbers is equal to the product 
of two other numbers^ the factors of either product may be 
made the eoctremes, and the factors of the other product the 
means f of a proportion. 



1. 




2. 




8. 


4. 


ad=^be 




ad = bc 




ad==bc 


ad=zbc 


ad_be 
bd bd 




ad be 
cd^cd 




ad_bc 
ac ac 


ad_bc 
ab db 


a_c 
b d 




a b 
c d 




d^b 
c a 


d c 
b a 


. a:6=c: 


:d 


.«. a:c=sb', 


:d 


.'. d:c = b:a 


.'. d:b = c:a 



Obtain four proportions with a and d as the means. 

429. If four numJ)ers are in proportion, they are in propor- 
tion by inversion; that is, the second term is to the first as the 
fourth is to the third. 

If a:b=sc:d 

ad = bc 
bc=ad 
.•. 5:a = d:c 

430. If four numbers are in proportion, th&y are inpropor^ 
Hon by alternation; that is, the first term is to the third as the 
second is to the fourth. 

U a:b=^c:d 

ad = bc 
•*. a : c = & : d 

481. If four numbers are in proportion, they are in proper^ 
tion by composition; that is, the sum of the term^ of the first 
ratio is to either term as the sum of the terms of the second 
ratio is to tJie corresponding term. 
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If aib^cid If &:a = d:e 

& d a c 

d a c 

Q + & _ c + d b + a __ d + e 

b d a c 

•\ a + &:& = c + d:d ••. a + b:a=:C + d:e 

432. If four numbers are in proportion they are in propor^ 
Hon by division; that is, the difference of the terms of the first 
ratio is to either term as the difference of the terms of the 
second ratio is to the corresponding term. 

If 



a 


.b 
a 
b 


= c:( 

c 

d 


i 




a 

b 


1: 


c 
~d 


1 




a — 


■ b 


e — 


d 




b 




d 






-5: 


b- 


= e — 


d: 


d 



433. If four numbers are in proportion, they are in propoT' 
tion by composition and division; that is, the sum of the terms 
of the first ratio is to their difference as the sum of the terms of 
the second ratio is to their difference. 

If a:b=^c:d 

a + b _ e + d 

b d 

g— 6 _ c— d 

b d 

a-{-b _ c + d 
a — b c--d 
.% a + 6:a — d = c + d:c — d 
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434. In a Bevies of equal ratios j the sum of the antecedents 
is to the sum of the consequents <u any antecedent is to its 
eonsequenL 

If a:6sse:d=:«:/ssgf:ik 

hc=^ad 

he = af 

bg = ah 

(a + c + e + g)b=^(b + d+f+h)a 

.•. a + c + e + gib-hd +/+ h=za:b 

Note. — Students should also be able to show that the sum of the 
antecedents is to the sum of the consequents as e : d, as e :/, and as 
g:h» 

435. 77ie product of the corresponding terms of two or more 
proportions are in proportion. 

If aib^cid 

e:f=g:h 
a__c 
b d 

/ h 
qe^cg 
bf dh 

.-. a£:bf=cg:dh 

436. Like powers of proportionals are proportionaL 
If a:b:=c:d 

b d 

5? — ^ 
b'^'^dr 

••. a* : 6* = c* : cf 
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437. Like roots of proportionals are proportionaL 

If a:b = c:d 

£f — £ 
b d 

438. If two proportions have a couple in each ihe same, 
the other couplets wiUform a proportion. 

If a:h=se:d If a:b=sc:d 

a:b = e:f h:n = a:b 

a_^c^ ? = £. 

b d b d 

£ — ? ^=-? 

6 "/ n b 

£— ? ^— £ 

.•. c : d = c :/ ••. ft : n = c : d 

439. If the antecedents of two proportions are the same, (he 
consequents are in proportion, 

a:b:=^c\d 
a:e = cih 
aic^bid 
a\c^e\h 
.\ 5:d = e:ft 

440. Equimultiples of two numbers are the products ob- 
tained by multiplying each of them by the same number. 

4 times 5 and 4 times 7 are equimultiples of 5 and 7* 
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441. Iftkejird tux> terms of a proportion be multiplied by 
any numibeTj and the last two terms by any number, the four 
prodtusts wiU be in proportion. 

If a:b = e:d 

h d 

am en 

bm dn 
.*• am ibmsscnidn 



PROBLEMS. 

Find the value of x in the following proportions : 
1. 3^:. 02:: a;:. 012. 2. i:x = 4::^. 

3. 15:5::«48.75:a;. 4. f:2| = aj:5. 

6. «8.20:«3.28::a;:12. 6. a;:12 = |:f. 

7. 4yd.:5ft::$2.04:a?. 8. ^:x = ^:^. 
9. 6:a?::«12.05:«21.69. 10. ^:x=^^:^. 

11. $8.76 : a?: : 4 rd. : 11 yd. 12. a; : 6 = .7 : 1.4. 

13. a?:30::«14.28:«36.70. 14. 9J:19 = a?:li. 

16. x — aix — biix — cix — d. 

16. aj + 7:a;-2::2a;-2:a?-3. 

17. oaj + m: 6a5 + n: :aa? + c:6a5 + (f. 

18. 4a5 + a:4a? + c: :3a? — d:3a; — &. 

19. (aj+7)(aj-6) : (a;-6)(aj-6) : : (aj+5)(aj-3) : (a?-2)(aj-6). 

Find the mean proportional between 

20. 16 and 4. 21. a^ and al 22. 12 o^a^ and 3 a?. 
23. 16 and 9. 24. oFanda*. 26. 27aVand3a^ 
26. 25 and 2. 27. o^ando^. 28. 18tfVand6aB^. 
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Find the third proportional to 

29. 12 and 6. 30. a^ and a*. 31. 48a*and8aV. 

32. 15andV3. 33. a' and a» 34. 24aj'and6aV. 

36. 14andV7. 36. a' and a* 87. 30a* and 6aW. 

Find the fourth proportional to 

38. 8, 6, and 4. 39. 2a', 3a?6, and 46*. 

40. 7, 5, and 6. 41. 3 a*, 2 oft', and 5 a*. 

42. 4, 9, and 7. 43. 5a*, 3 a*&, and 6 al 

44. 3, 7, and 9. 45. 4:0?, 5Vx, and 82^. 

46. 9, 4, and 7. 47. 7a*, 3a*a^and 8a«. 

48. Itaibiicid, show that ac : fed = c* : cP. 

49. The sum of two numbers is 15, and the ratio of their 
squares is 2\, Find the numbers. 

60. The ratio of two numbers is }, and the sum of their 
squares is 468. Find the numbers. 

61. If a : 6 : : c : c2, show that ab : cd = of : (?. 

62. The sides of a triangle are as 2 : 3 : 4, and the perim- 
eter is 135 feet. Find the sides. 

63. The area of a rectangular field is 4 acres, and the 
ratio of the dimensions is If. Find the dimensions. 

64. Divide $64 between two men so that their shares 
will be to each other as 3 to 5. 

56. There are two numbers which are to each other as 5 
to 3 ; and if 5 be added to each number, the ratio of the 
resulting numbers will be 1^. Find the numbers. 

56. The ratio of the areas of two squares, whose sides 
differ by 20 rods, is 2J. Find the side of each. 

67. Eight years ago A's age was to B's as 3 to 2, but the 
ratio of their ages now is If. Find their ages now. 
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